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Abstract. We prove that a biased graph is gainable over the group Z3

if and only if it contains no minor isomorphic to (4K2, ∅), ±K3, or
−K4. We develop a theory of “partial groups” that is analogous to that
of partial fields, and we use this theory to show that a biased graph is
gainable over every non-trivial group if and only if it is gainable over Z2

and Z3. From this we derive an independent proof of the theorem due
to Gerards that a biased graph is gainable over every non-trivial group
if and only if it has no minor isomorphic to (3K2, ∅), ±K3, or −K4.

1. Introduction

Several famous theorems in graph theory and matroid theory characterise
minor-closed classes by determining their excluded minors [1, 4, 5, 15,17,22,
24, 27, 29]. In the matroid context, excluded-minor characterisations for
the class of matroids representable over some field are especially celebrated
[2,12,26,27]. In contrast, there are few excluded-minor characterisations in
the context of biased graphs.

A biased graph is a pair (G,B) where G is a graph and B is a collection
of balanced cycles of G, the only rule being that a theta subgraph of G is
forbidden from containing precisely two balanced cycles (a theta subgraph is
the union of three internally disjoint paths linking a pair of distinct vertices).

A prototypical example of biased graphs arises from graphs equipped with
a function mapping orientated edges to a group, with opposite orientations
assigned inverses of one another. In this case, a cycle is defined to be bal-
anced if and only if it contains a simple closed walk where the product of
group assignments around that walk is the identity. It is easy to verify
that the theta property holds under this definition, and in fact, Zaslavsky
defines the theta property as an abstraction of graphs labelled with group
elements [31]. A biased graph arising in this way is said to be gainable over
the group.

A graph embedded in a surface provides another example of a biased
graph, where B is the collection of contractible cycles. There is an intrinsic
connection between topology and gainability: given a biased graph (G,B),
let K be the 2-cell complex obtained by adding to G a disc with boundary C
for each cycle C ∈ B. Then there exists a group over which (G,B) is gainable
if and only if (G,B) is gainable over the fundamental group of K; moreover,
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if (G,B) is gainable over a particular group Γ then Γ is a quotient of the
fundamental group of K [9].

The class of biased graphs that are gainable over a particular group is
analogous to the class of matroids representable over a particular field: in
both cases, the structure of the discrete object is encoded by algebraic labels.
The minor order of biased graphs is analogous to the minor order of graphs or
matroids. The biased graphs gainable over a group form a natural example of
a minor-closed class [31, Corollary 5.7] (see also Proposition 6.5). So we are
motivated to ask, for a group Γ, what are the excluded minors for the class
of Γ-gainable biased graphs? Up until now, this question has been answered
only once: Zaslavsky characterised the class of biased graphs gainable over
the cyclic group of order two, showing that there is a single excluded minor
for the class. When G is a graph and n is a positive integer, we let nG denote
the graph obtained from G by replacing each non-loop edge by a parallel
class of n edges. We denote the cyclic group of order n by Zn. Zaslavsky
proved the following in 1981:

Theorem 1.1 ([30, Theorem 6]). The only excluded minor for the class of
Z2-gainable biased graphs is (3K2, ∅).

We find the excluded minors in the natural next case: the class of Z3-gain-
able biased graphs. Let G be a graph. We write −G to denote the biased
graph (G,B) where B consists of the collection of even-length cycles of G.
We obtain a biased graph that we denote ±G by replacing each edge of G
with a parallel class of two edges, one positive and one negative, where a
cycle is balanced if and only if it contains an even number of negative edges.

Theorem 1.2. The only excluded minors for the class of Z3-gainable biased
graphs are (4K2, ∅), ±K3, and −K4.

(a) 4K2 (b) ±K3 (c) −K4

Figure 1. The excluded minors for Z3-gainable biased
graphs, where a cycle is balanced if and only if it contains an
even number of edges of each (non-black) colour.

Rota famously conjectured that when F is a finite field, the class of F-rep-
resentable matroids has only finitely many excluded minors [23]. We con-
jecture that when Γ is a finite group, the class of Γ-gainable biased graphs
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has only finitely many excluded minors. Theorems 1.1 and 1.2 correspond
to the first two non-trivial cases of this conjecture. In fact, we make the
following stronger conjecture, which combines the biased-graph variant of
Rota’s Conjecture with the statement that Γ-gainable biased graphs are
well-quasi-ordered when Γ is finite.

Conjecture 1.3. Let Γ be a finite group and let G be a minor-closed class
of Γ-gainable biased graphs. There are only finitely many biased graphs that
are excluded minors for G.

Geelen, Gerards, and Whittle have announced a structural theorem for
minor-closed class of F-representable matroids (when F is a finite field) that
generalises the structural theorem of Robertson and Seymour on minor-
closed classes of graphs [13]. Conjecture 1.3 is a significant generalisation
of the Graph Minor Theorem in another direction — with Γ equal to the
trivial group, Conjecture 1.3 would imply the result that any minor-closed
class of graphs has only finitely many excluded minors. Conjecture 1.3 fails
when Γ is not finite, because in this case there are infinitely many excluded
minors for the class of Γ-gainable biased graphs [9, Theorem 2.12].

Assume that H is a set of at least two groups. One could also attempt
to find an excluded-minor characterisation of the biased graphs that are
gainable over every group in H. The only such characterisation known so
far is due to Gerards [16], who found the excluded minors for the biased
graphs that are gainable over every non-trivial group. We say that a biased
graph is regular if it is gainable over every non-trivial group. By developing
a notion of “partial groups” (analogous to partial fields, as used in matroid
representation theory [20,21,25]), we prove the following:

Theorem 1.4. Let Ω be a biased graph. Then Ω is regular if and only if Ω
is Z2-gainable and Z3-gainable.

This naturally leads to an independent proof of the following, first proved
by Gerards [16]:

Theorem 1.5. The excluded minors for the class of regular biased graphs
are (3K2, ∅), ±K3, and −K4.

We also show the following:

Theorem 1.6. A biased graph Ω is gainable over all groups of size at least
three if and only if Ω is Z3-gainable and Z2

2-gainable.

Theorem 1.7. A biased graph Ω is gainable over all groups with an element
of order at least three if and only if Ω is Z3-gainable and Z4-gainable.

Finding the list of excluded minors for either of the classes described in
the last two theorems is an open problem.

1.1. Biased graphs and matroids. Each biased graph represents a family
of matroids, known as quasi-graphic matroids (see [3, 14]). The best-known
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members of this family are the frame and lift matroids of a biased graph.
Let G be a graph and let (B,L,F) be a partition (into possibly empty sets)
of the collection of cycles of G such that Ω = (G,B) is a biased graph and
whenever CL and CF are cycles in L and F respectively, there is at least
one vertex that is common to CL and CF . We call the tuple (G,B,L,F) a
biased framework.

The quasi-graphic matroid represented by (G,B,L,F) has E(G) as its
ground set and its dependent sets are those subsets of E(G) that contain
either a cycle in B, two cycles in L, or are connected and contain two cycles.
In the case that L is empty, this specialises to the frame matroid of the
biased graph Ω = (G,B), and we denote this matroid by F (Ω). When F is
empty we obtain the lift matroid L(Ω), which is an elementary lift of the
cycle matroid of G.

A biased framework (G,B,L,F) is Γ-gainable if (G,B) is a Γ-gainable
biased graph. The following is a matroidal analogue of Conjecture 1.3.

Conjecture 1.8. Let Γ be a finite group and let M be a minor-closed class
of matroids, each of which is represented by a Γ-gainable biased framework.
There are only finitely many matroids that are excluded minors for M.

Equivalently, we conjecture that the class of quasi-graphic matroids that
are Γ-gainable has finitely many excluded minors and does not contain an
infinite pairwise-incomparable collection. If we restrict Conjecture 1.8 to the
case when M contains only frame matroids, then we obtain Conjectures 1.3
and 1.4 in [10]. The finiteness of Γ is necessary in Conjecture 1.8, because
if Γ is infinite, the class of frame matroids of Γ-gainable biased graphs has
infinitely many excluded minors [9, Theorem 2.19].

Remark 1.9. Chen and Geelen showed that there are infinitely many ex-
cluded minors for both lift and frame matroids [6]. These excluded minors
are all quasi-graphic matroids. However, every one of these excluded minors
contains one of two 8-element matroids as a minor (one for the frame ex-
cluded minors and one for the lift excluded minors). Neither one of these ma-
troids can be represented by a Γ-gainable biased framework, for any group Γ.
Thus Chen and Geelen’s result does not disprove Conjecture 1.8.

Let Ω be a biased graph and let F be a field. If Ω is gainable over
a subgroup of the multiplicative group F∗, then F (Ω) is F-representable
[32, Theorem 2.1]. Similarly, if Ω is gainable over a subgroup of the additive
group F+, then L(Ω) is F-representable [32, Theorem 4.1]. Conversely, if
Ω is a biased framework for a 3-connected quasi-graphic F-representable
matroid, then Ω is either F∗-gainable or F+-gainable [11, Theorem 5.5].

This shows that if Ω is Z3-gainable, then F (Ω) is F4-representable and
L(Ω) is F3-representable. Given that the classes of F3-representable and
F4-representable matroids have known excluded-minor characterisations,
one might wonder whether it is possible to use these to obtain Theorem 1.2.
This seems not to be the case. The underlying reason is that a frame or
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lift matroid may be represented by multiple different biased graphs, and it
may be that only some of these biased graphs are gainable over a particular
group. To see this, let Ω1 be (3K2, ∅) and let Ω2 be the biased graph with un-
derlying graph K3 where the unique cycle is balanced. Then F (Ω1) = F (Ω2)
and L(Ω1) = L(Ω2). Furthermore, Ω2 is gainable over every group but Ω1

is not Z2-gainable. So in the case that a frame matroid F (Ω) is an excluded
minor for F-representable matroids, we can conclude that Ω is not F∗-gain-
able. However, when Ω′ is a proper minor of Ω, we do not know that Ω′

is F∗-gainable, despite the fact that F (Ω′) is F-representable. Therefore Ω
may not be an excluded minor for F∗-gainability. To make this concrete,
U2,5 is a frame matroid and an excluded minor for F3-representability, but
there is no biased graph Ω that is an excluded minor for F∗

3-gainability where
F (Ω) = U2,5.

In the other direction, if Ω is an excluded minor for F∗-gainability, it may
be that the matroid F (Ω) is F-representable. We can see this by referring to
Theorem 1.1: (3K2, ∅) is an excluded minor for F∗

3-gainable biased graphs,
but the frame matroid of (3K2, ∅) is the uniform matroid U2,3, and this is
F3-representable.

The fact that Γ-gainability is not an invariant amongst the biased graphs
representing a given quasi-graphic matroid also means that a resolution of
Conjecture 1.3 is unlikely to help with proving Conjecture 1.8, and vice
versa.

Even if it were possible to use the excluded-minor characterisation of
F-representable matroids to obtain excluded-minor characterisations of bi-
ased graphs gainable over F∗ or F+, this would be of no help for almost all
groups, since they are not subgroups of multiplicative or additive groups of
fields. Our hope is that the techniques we develop here will also be of use
in obtaining further excluded-minor characterisations of classes of biased
graphs in the future, so for these reasons, our arguments do not contain any
references to matroids.

2. Preliminaries

Groups are written multiplicatively; we denote the identity of the group Γ
by 1Γ. For a positive integer m, we write Zm to denote the cyclic group of
order m consisting of elements {1, ω, . . . , ωm−1} under multiplication, where
ωm = 1. In particular, the trivial group is Z1 = {1}. We write Zn

m to denote
the direct product of n copies of Zm; for example, Z2

2 = Z2 ×Z2 is the Klein
four-group.

2.1. Graphs. Graphs may contains loops and parallel edges. A non-loop
edge e is pendant if there is a vertex that is incident only with e and no other
edge. A vertex v is isolated if there are no edges incident with v. A walk
is an alternating sequence u0, e0, u1, . . . , un−1, en−1, un of vertices and edges
such that the set of vertices incident with each edge ei is equal to {ui, ui+1}.
We also consider a single vertex to be a walk. A path is a walk in which
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the vertices are pairwise distinct. Two paths from u to v are internally
disjoint if the only vertices they have in common are u and v. If n > 0 and
u0 = un while u0, u1, . . . , un−1 are pairwise disjoint, then we say the walk
is simple and closed. If G is a graph and X is a set of edges, then G[X] is
the subgraph of G with X as its edge-set, where the vertices of G[X] are
exactly the vertices of G that are incident with at least one edge in X. A
cycle is a subgraph G[X] where X is a non-empty set of edges such that
G[X] is connected and regular with degree 2. When the meaning is clear,
we may write X to describe both a set of edges and the subgraph G[X]. In
the same way, we may think of a spanning tree or a cycle as being either a
subgraph or a set of edges.

If X is a set of vertices of G, then G[X] is the subgraph with X as its
vertex-set, where the edges of G[X] are exactly the edges of G that are
incident only with vertices in X. If U is a set of vertices or a subgraph and
v is a vertex not in U , then a v-U path is a minimal path that has v and a
vertex in U as end-vertices.

A separation of a graph G is a pair of edge-disjoint subgraphs (X,Y ) of
G whose union is G, where |E(X)|, |E(Y )| ≥ 1. The order of the separation
is |V (X)∩V (Y )|. We call a separation of order k a k-separation. If V (X)−
V (Y ) and V (Y )− V (X) are both non-empty, then the separation is proper.
A graph with no isolated vertices is k-connected if it has at least k + 1
vertices and no proper separation of order less than k.

Let (X,Y ) be a 1-separation of the graph G, and let v be the vertex in
V (X) ∩ V (Y ). If (X,Y ) is proper, then v is a cut-vertex of G. Note that
(X,Y ) fails to be proper if and only if either X or Y consists of loop edges
incident with v. A graph G is biconnected if it is connected and has no
1-separations (either proper or non-proper). Therefore a biconnected graph
with at least two edges is loopless. A block of G is a maximal biconnected
subgraph.

The next result follows from [28, 9.65].

Proposition 2.1. Let G be a biconnected graph and let x be an edge of G.
Then either G\x or G/x is biconnected.

A graph G is minimally 2-connected if it is 2-connected but whenever e
is an edge of G we have that G\e is not 2-connected. Note that a minimally
2-connected graph cannot contain loops or parallel edges. We will use the
following:

Lemma 2.2 (Dirac [8, (6),(5)], see also Mader [18]). A minimally 2-con-
nected graph G has at least (|V (G)|+ 4)/3 vertices of degree two.

Corollary 2.3. Let G be a 2-connected graph such that every vertex has
degree at least three. Then there exist distinct e, f ∈ E(G) such that each of
G\e, G\f , G\{e, f} is 2-connected.

Proof. The graph G has at least 3 vertices, by the definition of 2-connectiv-
ity, and no vertices of degree 2. Thus, by Lemma 2.2, it is not minimally
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2-connected. So there exists e ∈ E(G) such that G\e is 2-connected. Then
G\e has at most two vertices of degree 2, so Lemma 2.2 implies that if G\e
is minimally 2-connected, then |V (G\e)| ≤ 2. This implies |V (G)| ≤ 2, a
contradiction. Thus G\e is not minimally 2-connected, implying there is
an edge f such that G\{e, f} is 2-connected. It follows that G\f is also
2-connected. □

2.2. Biased graphs. Let G be a graph. A theta subgraph is a subgraph
consisting of two distinct vertices u and v and three internally disjoint paths
joining u and v. Let B be a set of cycles. If no theta subgraph of G contains
exactly two cycles in B, then B satisfies the theta property. In this case,
(G,B) is a biased graph. The cycles in B are said to be balanced. If X is
a set of edges or a subgraph, then X is balanced if every cycle of X is in
B. Otherwise, X is unbalanced. We say that the bias of a cycle is its status
as balanced or unbalanced. So saying that two cycles have the same bias
means that both belong to B or that neither one does. Let Ω = (G,B) be
a biased graph. If A is a set of edges, then Ω[A] is the biased graph on the
underlying graph G[A], where a cycle is balanced in Ω[A] if and only if it is
balanced in Ω.

We frequently blur the distinction between a biased graph and its under-
lying graph, so we may, for example, say that a biased graph is connected.

2.3. Balanced reroutings. Let (G,B) be a biased graph, let P be a path in
G, and let Q be a path internally disjoint from P linking a pair of distinct
vertices x, y of P . We say the path P ′ obtained from P by replacing its
subpath linking x and y (which we denote by xPy) with Q is obtained by
rerouting P along Q. If the cycle consisting of Q and xPy is in B, then we
refer to this as rerouting along a balanced cycle or a balanced rerouting.

Let u, v be vertices of G. Observe that given any pair of u-v paths in G,
one may be transformed to the other via some sequence of reroutings. Let C
be a cycle and let P be a path contained in C, having distinct end-vertices
x, y. Let Q be an x-y path internally disjoint from C, and assume the cycle
P ∪Q is balanced. Then the balanced rerouting of P along Q yields a new
cycle C ′. Since C ∪Q is a theta and the cycle P ∪Q is balanced, the theta
property says that C and C ′ are either both balanced or both unbalanced.
We say that C ′ is obtained from C by balanced rerouting. Assume that
P , Q1, and Q2 are paths joining the distinct vertices x and y, where P is
internally disjoint from both Q1 and Q2. Thus P ∪Q1 and P ∪Q2 are both
cycles. If there is some balanced subgraph that contains the union of Q1

and Q2, then balanced rerouting shows that the union P ∪Q1 has the same
bias as P ∪Q2.

2.4. Gainings. Let G be a graph. An arc of G is a triple of the form
(e, u, v), where e is an edge, u and v are vertices incident with e, and where
u ̸= v if e is a non-loop edge. If a = (e, u, v) is an arc, then a−1 is the arc
(e, v, u). If e is an edge, then an arc of e is an arc of the form (e, u, v), where
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u and v are vertices incident with e. Let A(G) denote the set of arcs of G.
Let Γ be a group. A Γ-gaining of G is a function γ : A(G) → Γ satisfying
γ(a−1) = γ(a)−1 whenever a is an arc of a non-loop edge.

When e is an edge of G with distinct endpoints u, v and γ(e, u, v) =
γ(e, v, u) = h ∈ Γ, then we say for short that γ assigns h to the edge e. This
occurs when h is an element of order two or when h is the identity element
of Γ. Thus in particular we may speak of edges being assigned the identity
element of Γ.

Assume that W = u0, e0, u1, e1, . . . , en−1, un is a walk in G. The gain of
W (relative to γ) is

γ(W ) =
∏
a∈W

γ(a) = γ(a0)γ(a1) · · · γ(an−1),

where ai = (ei, ui, ui+1) and we take the product in the order given by the
walk. Let W , W ′ be two simple closed walks contained in a cycle C. Then
either γ(W ) and γ(W ′) are conjugate or γ(W ) and γ(W ′)−1 are conjugate.
Thus γ(W ) = 1Γ if and only if γ(W ′) = 1Γ. When γ(W ) = 1Γ for some
(and therefore all) simple closed walks in a cycle C, we say the gain of C is
the identity.

Let γ be a Γ-gaining of the graph G. Let Bγ be the set of cycles with
gain equal to 1Γ. It is straightforward to check that Bγ satisfies the theta
property. Let Ω = (G,B) be a biased graph. We say that Ω is Γ-gainable
if there is a Γ-gaining γ such that B = Bγ . In this case we say that γ is an
Γ-gaining of Ω. From [31, Corollary 5.7] we see that if Γ is a group, then
the class of Γ-gainable biased graphs is closed under minors. (We extend
this result in Proposition 6.5.)

Let γ be a Γ-gaining of the biased graph Ω = (G,B) and let η : V (G) → Γ
be a function. The gain function γη takes any arc a = (e, u, v) to
η(u)−1γ(a)η(v). We say γη is obtained from γ by switching. If v is a vertex
and η sends every vertex except for v to 1Γ, then we say that γη is obtained
from γ by switching at v. It is clear that Bγη = Bγ . If T is a forest of G,
there is a function η such that γη takes any edge in T to 1Γ [31, Lemma 5.3].

Proposition 2.4. Let Γ be a group and let Ω be a connected biased graph.
Let γ and γ′ be Γ-gainings of Ω. Let T be a spanning tree of Ω and assume
that γ and γ′ both take every edge of T to 1Γ. Then γ and γ′ take the same
edges to 1Γ.

Proof. If this fails then we can assume without loss of generality that there
is an edge e and an arc a of e such that γ(a) = 1Γ and γ′(a) ̸= 1Γ. It must
be the case that e is not in T . There is a cycle C contained in the union of
T and e. The gain of C is the identity under γ, so C is balanced, but its
gain is not the identity under γ′, so it is not balanced. This contradiction
completes the proof. □

2.5. Minors. Let Ω = (G,B) be a biased graph. Let A and B be disjoint
sets of edges such that the biased subgraph Ω[A] induced by A is balanced.
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Let P be the set of connected components of G[A]. We define G/A\B to
be the graph with P as its vertex-set and edge-set E(G) − (A ∪ B), where
an edge e ∈ E(G) − (A ∪ B) is incident with P ∈ P if and only if there is
a vertex v ∈ P such that e is incident with v in G. Now we construct the
set of cycles B/A\B. Let C be a cycle of G/A\B. There is at least one
cycle C ′ in G such that every edge of C is in C ′, and every edge of C ′ − C
is in A. By balanced rerouting, all such cycles have the same bias, so the
following definition is well-defined. We declare C to belong to B/A\B if and
only if C ′ is in B. Now Ω/A\B is the biased graph (G/A\B,B/A\B). We
say that Ω/A\B is obtained from Ω by contracting A and deleting B. A
minor of Ω is any biased graph obtained from a biased graph of the form
Ω/A\B by possibly deleting isolated vertices. Note that in this definition of
minors, we cannot contract an unbalanced loop, so the only way to get rid
of a unbalanced loop is by deleting it. This is in accordance to the fact that
unbalanced loops would correspond to a non-identity gaining on a loop or a
noncontractible loop on a surface.

Let M be a minor-closed class of graphs, matroids, or biased graphs.
A minor-minimal graph, matroid, or biased graph that is not in M is an
excluded minor for the class.

Proposition 2.5. Let Ω be a biased graph with at least one unbalanced cycle,
and let e be a non-loop edge of Ω. Then Ω/e contains an unbalanced cycle.

Proof. Let C be an unbalanced cycle of Ω. If e is an edge of C, then C/e
is an unbalanced cycle of Ω/e, since e is not a loop. If e is not a chord of
C, then C is an unbalanced cycle of Ω/e. The remaining possibility is that
e is a chord of C. Then the union of C and e is a theta subgraph. One of
the cycles D in this subgraph contains e and is unbalanced, by the theta
property. The cycle D/e is an unbalanced cycle in Ω/e. □

2.6. The excluded minors. In this section we prove basic facts about
excluded minors for classes of Γ-gainable biased graphs and we certify that
the biased graphs in Theorem 1.2 really are excluded minors for the class of
Z3-gainable biased graphs. The next lemma shows that an excluded minor
must be biconnected (implying that it is loopless).

Lemma 2.6. Let Γ be a non-trivial group and let Ω be an excluded minor
for the class of biased graphs that are Γ-gainable. Then Ω has at least two
vertices, has minimum degree at least three, and is biconnected. Furthermore
Ω has no 2-separation where one side is balanced and contains at least two
edges (so in particular Ω has no balanced 2-cycle).

Proof. If Ω has an isolated vertex, then deleting that isolated vertex pro-
duces a proper minor, which is therefore Γ-gainable. This implies that
Ω is Γ-gainable, a contradiction. Therefore Ω has no isolated vertex. If
Ω has only a single vertex, then it is gainable over every group. There-
fore Ω has at least two vertices. Suppose Ω has a separation (X,Y ) with
|V (X) ∩ V (Y )| ≤ 1. Recall that this means that X and Y are edge-disjoint



10 BRETTELL, CAMPBELL, FUNK, AND MAYHEW

subgraphs, each containing at least one edge. By minimality each of X and
Y are Γ-gainable. Let γX be a Γ-gaining of X and let γY be a Γ-gaining
of Y . Since no cycle of Ω contains edges from both X and Y , the Γ-gain
function on Ω obtained as the union of γX and γY is a Γ-gaining of Ω, a
contradiction. Therefore no such separation can exist, so Ω is biconnected.

Suppose Ω has a vertex v of degree less than three. It cannot have a
degree-one vertex, or else it would have a 1-separation. Therefore we can let
v be a degree-two vertex. Let γ be a Γ-gaining of Ω/e where e is one of the
two edges incident to v. But now the gain function obtained by extending
γ to Ω by labelling e with 1Γ is a Γ-gaining of Ω, a contradiction.

Now Ω is biconnected with minimum degree at least three. Finally sup-
pose that Ω has a 2-separation (X,Y ) for which every cycle in X is bal-
anced and X contains at least two edges. Let u and v be the two vertices in
V (X)∩ V (Y ). Then X contains a path from u to v, or else Ω has a 1-sepa-
ration. Let P be such a path and let Ω′ be the biased graph obtained from
Ω by contracting all but one edge (call it e) from P , and deleting every edge
of X that is not in P . A least one element has been deleted or contracted
from X, so Ω′ is gainable over Γ. Let γ′ be a Γ-gaining of Ω′; by switching
if necessary we may assume γ′ assigns 1Γ to e. Let γ be the Γ-gain function
on Ω whose restriction to Y is equal to γ′ and maps each edge in X to 1Γ.
By balanced rerouting, every cycle C meeting both X and Y has the same
bias as the cycle (C ∩ Y ) ∪ P . Therefore C is balanced in Ω if and only if
(C ∩ Y ) ∪ e is balanced in Ω′. Every cycle contained in X is balanced, so it
follows that γ is a Γ-gaining of Ω, and we have a contradiction. □

Let e be a non-loop edge of the biased graph Ω, and assume that every
unbalanced cycle contains e. In this case we say that e is a balancing edge of
Ω. If there is at least one unbalanced cycle, C, then C contains e. Since any
cycle not containing e is balanced, it follows that any cycle containing e can
be obtained from C by balanced rerouting. Therefore any cycle containing
e is unbalanced.

Proposition 2.7. Let Ω be a biased graph with a balancing edge. If Γ is a
non-trivial group then Ω is Γ-gainable.

Proof. If Ω has no unbalanced cycle we can assign the identity of Γ to every
edge. Therefore we assume that C is an unbalanced cycle, which necessarily
contains e. As we explained, a cycle is unbalanced if and only if it contains
e. We define the gaining γ so that γ sends every edge other than e to the
identity, and so that γ does not take e to the identity. Now γ is a Γ-gaining
of Ω. □

Recall that if G is a graph and n is a positive integer, then nG is the
graph obtained from G by replacing each non-loop edge by a parallel class
of n edges.
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Proposition 2.8. Let Γ be a non-trivial group and let n be a positive integer.
If n ≤ |Γ| then (nK2, ∅) is Γ-gainable, and if n = |Γ| + 1, then (nK2, ∅) is
an excluded minor for Γ-gainability.

Proof. Let 1 and 2 be the two vertices in nK2. If n ≤ |Γ|, then we can
let γ be a gaining such that whenever e and f are different edges, we
have γ(e, 1, 2) ̸= γ(f, 1, 2). This establishes the first statement. Now let
n = |Γ| + 1. Assume for a contradiction that γ is a gaining of (nK2, ∅).
By the pigeonhole principle, there exist distinct edges e and f such that
γ(e, 1, 2) = γ(f, 1, 2). Now the cycle comprising e and f is balanced, which
is a contradiction. Deleting any edge from (nK2, ∅) produces a Γ-gainable
biased graph, by the first statement. Contracting any edge produces a biased
graph which is gainable over any non-trivial group. □

Recall that the biased graph ±G is obtained by replacing each non-loop
edge of G with a parallel class of two edges, one positive and one negative,
where a cycle is balanced in ±G if and only if it contains an even number
of negative edges.

Proposition 2.9. Let Γ be a non-trivial group. If Γ contains an element
of order two, then ±K3 is Γ-gainable. Otherwise ±K3 is an excluded minor
for Γ-gainability.

Proof. Assume that the vertices of ±K3 are 1, 2, and 3. Let a and b be the
parallel edges joining 1 to 2, let c and d be the edges joining 2 and 3, and let
e and f be the edges joining 1 and 3. We assume that a cycle is balanced
if and only if it contains an even number of edges from {b, d, f}. If h is an
element of Γ with order two, then we can let γ be the gaining such that

γ(a, 1, 2) = γ(c, 2, 3) = γ(e, 3, 1) = 1Γ

and
γ(b, 1, 2) = γ(d, 2, 3) = γ(f, 3, 1) = h.

This proves the first statement.
Now let Γ be a non-trivial group, and assume that γ is a Γ-gaining of

±K3. By applying a switching, we can assume that γ sends the edges a and
c to 1Γ. Since {a, c, e} is a balanced cycle, it now follows that γ sends e to
1Γ. Let α be the element γ(b, 1, 2). Since {a, b} is an unbalanced cycle, the
order of α is greater than one. Because {b, d, e} is a balanced cycle, it follows
that γ(d, 2, 3) = α−1. Now {d, f, a} is a balanced cycle, so γ(f, 3, 1) = α. As
{b, f, c} is balanced, this means that α2 = 1Γ. So now we have established
that ±K3 is Γ-gainable if and only if Γ contains an element of order two.

We consider the proper minors of ±K3. Let Γ be an arbitrary non-
trivial group and let α be a non-identity element. First we suppose that
we will delete an edge. Since we can apply a switching so that the edges
of an arbitrary spanning tree receive the identity element, we can assume
without loss of generality that we are going to delete the edge b. Let γ
be the Γ-gaining that takes a, c, and e to the identity element and where
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b

c

1

2 3

4

Figure 2. A labelling of the vertices and edges in K4.

γ(d, 2, 3) = γ(f, 1, 3) = α. It is not difficult to check that the only cycles in
Bγ have the edge sets {a, c, e} and {a, d, f}, so γ is a gaining of ±K3\b, as
desired.

Next we consider contracting the edge a. Let w be the vertex obtained
via identifying 1 and 2. Let γ be the gaining where c and e are taken to 1Γ
and where

γ(b, w,w) = γ(d, 3, w) = γ(f, 3, w) = α.

The only cycles in Bγ have edge sets {c, e} or {d, f}, so γ is a gaining of
±K3/a. □

Recall that the biased graph −G consists of the graph G along with the
collection of all even-length cycles.

Proposition 2.10. Let Γ be a non-trivial group. If Γ contains an element
of order two, then −K4 is Γ-gainable. Otherwise −K4 is an excluded minor
for Γ-gainability.

Proof. Let the vertices of −K4 be labelled as in Fig. 2. We label three of
the edges a, b, and c. If h is an element of Γ with order two, then we can let
γ be the gaining that takes every edge to h, and then a cycle is in Bγ if and
only if it has an even number of edges. Therefore γ is a Γ-gaining of −K4.

Now let Γ be a non-trivial group, and assume that γ is a Γ-gaining of
−K4. By applying a switching, we can assume that γ sends every edge
incident with 4 to 1Γ. Let α be γ(a, 1, 2), and note that α ̸= 1Γ. The cycle
containing a and b but not c is balanced, so γ(b, 2, 3) = α−1. The cycle
containing b and c but not a is balanced, which means that γ(c, 3, 1) = α.
Now the cycle containing a and c but not b implies that α2 = 1Γ, so Γ has
an element of order two.

Let Γ be an arbitrary non-trivial group and let α be a non-identity el-
ement. The gaining γ, where the edges incident with 4 are taken to 1Γ
and where γ(b, 2, 3) = γ(c, 1, 3) = α, is a gaining of −K4\a. We can easily
check that contracting any edge from −K4 produces the same biased graph
as deleting an edge from ±K3. Therefore Proposition 2.9 implies that any
such contraction of −K4 is Γ-gainable. This shows that any proper minor
of −K4 is gainable over any non-trivial group. □
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3. Uniqueness of gainings

Establishing the uniqueness of F3-representations is a critical step in find-
ing the excluded minors for the class of ternary matroids. In this section
we carry out the analogous step for Z3-gainable biased graphs by showing
that Z3-gainings are essentially unique. Neudauer and Slilaty show that for
any finite group Γ, there is an upper bound on the number of inequivalent
gainings of vertically 3-connected biased graphs [19]. So our results show
that this upper bound is one, when |Γ| = 3.

Definition 3.1 (Rounded ordering). Let G be a connected graph and let
F be a set of edges such that G[F ] contains a spanning tree of G. Let S
be the set of non-loop edges not in F . Let s0, s1, . . . , st be an ordering of S
such that for every i the following conditions hold:

(i) there is a block, Bi, of G[F ∪{s0, s1, . . . , si}] that contains all of the
edges s0, s1, . . . , si,

(ii) between any pair of distinct vertices in Bi there is a path of Bi that
uses only edges in F as well as a path that uses exactly one edge in
{s0, s1, . . . , si}, and

(iii) if i > 0, then si is in a cycle of Bi that contains exactly one edge in
{s0, s1, . . . , si−1}.

In this case we say that s0, s1, . . . , st is a rounded ordering of S.

Proposition 3.2. Let G be a connected graph with no proper 1-separations.
Let F be a set of edges such that G[F ] contains a spanning tree of G. Let S
be the set of non-loop edges not in F . There is a rounded ordering of S.

Proof. If S is empty the result holds vacuously, so we assume S ̸= ∅. This
implies that G has at least two vertices. Let s0, s1, . . . , sk be any sequence
of distinct elements of S. We will say the sequence is good if conditions (i),
(ii), and (iii) from Definition 3.1 hold for every i ∈ {0, 1, . . . , k}.

We start by showing that there is a non-empty good sequence. Let s0
be an arbitrary edge in S. Since G[F ] contains a spanning tree, it follows
that G[F ∪ s0] contains a cycle that contains s0. This cycle is contained in a
block B0 of G[F ∪ s0]. Let x and y be an arbitrary pair of distinct vertices
in B0. Since B0 is biconnected, there is a cycle C that contains s0 and x.
Again using biconnectivity, we can find a y-C path P of B0 such that x is
not in P . Let y′ be the vertex of P that is in C. Thus y′ ̸= x. There are
two subpaths of C that join x and y′. By concatenating these subpaths with
P , we obtain a path of B0 between x and y that uses only edges in F , and
another path between x and y that contains exactly one edge in S. This
shows that s0 is a non-empty good sequence.

Choose s0, s1, . . . , sk to be a good sequence of maximum length. Let Bk

be the block of G[F ∪ {s0, s1, . . . , sk}] that contains {s0, s1, . . . , sk}. Note
that k ≥ 0 and that Bk has at least two vertices. If S = {s0, s1, . . . , sk},
then we have a rounded ordering of S and we are done, so we assume that
there is some edge in S − {s0, s1, . . . , sk}. First assume there exists such
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an edge, e, joining two vertices u and v in Bk. We set sk+1 to be e. We
will show that s0, s1, . . . , sk+1 is a good sequence. Because sk+1 joins two
vertices of Bk, there is a block of G[F ∪ {s0, s1, . . . , sk+1}] that contains Bk

and sk+1. Let this block be Bk+1. To show that s0, s1, . . . , sk+1 is a good
sequence, the only condition that requires checking is that there is a cycle of
Bk+1 that contains sk+1 and exactly one edge in {s0, s1, . . . , sk}. This is true
because Bk has a path between u and v that contains exactly one edge in
{s0, s1, . . . , sk}. Now we have contradicted the maximality of s0, s1, . . . , sk.
Therefore we will now assume that there is no edge in S − {s0, s1, . . . , sk}
that joins two vertices in Bk.

Because S − {s0, s1, . . . , sk} is non-empty and any edge in this set is
incident with a vertex not in Bk, there is at least one vertex not in Bk. This
means that G[F ∪ {s0, s1, . . . , sk}] has at least two blocks, and therefore a
cut-vertex. Let w1 be a cut-vertex of G[F ∪{s0, s1, . . . , sk}] that is contained
in Bk. Let H be the connected component of

G[F ∪ {s0, s1, . . . , sk}]− w1

that contains Bk − w1. Since w1 is a cut-vertex, not every vertex of
G[F ∪ {s0, s1, . . . , sk}] is contained in H. As G has no cut-vertex, G−w1 is
connected. Therefore some edge of G − w1 joins a vertex of H to a vertex
that is not in H. Let sk+1 be such an edge. Note that sk+1 is not in F , since
it joins two different connected components of G[F ∪ {s0, s1, . . . , sk}]− w1.
Assume that sk+1 joins the vertices u and v, where v is in H and u is not.
Since G[F ∪ {s0, s1, . . . , sk}] is connected, we can let P1 be a u-Bk path of
this graph. Note that w1 must be in P1, because otherwise P1 is a path of
G[F ∪ {s0, s1, . . . , sk}]−w1 that connects u to a vertex of H. Therefore w1

is the unique vertex of Bk that is in P1. We can also let P2 be a v-(Bk−w1)
path of G[F ∪ {s0, s1, . . . , sk}] − w1. Let w2 be the unique vertex of Bk in
P2. Since Bk contains all the edges s0, s1, . . . , sk, it follows that both P1 and
P2 are F -paths. Let P be the concatenation of P1, sk+1, and P2. Thus P is
a path of G[F ∪ {s0, s1, . . . , sk+1}] from w1 to w2 and every edge of P aside
from sk+1 is in F .

As w1 and w2 are distinct vertices of Bk, there must be some block of
G[F ∪ {s0, s1, . . . , sk+1}] that contains Bk and P . Let Bk+1 be this block.
There is a path of Bk from w1 to w2 that uses a single edge in {s0, s1, . . . , sk}.
The union of this path with P is a cycle of Bk+1 that contains sk+1 and
a single edge in {s0, s1, . . . , sk}. To show that s0, s1, . . . , sk+1 is a good
sequence, it now suffices to show that between any pair of vertices in Bk+1,
there is a path of Bk+1 that uses only edges in F as well as a path that uses
a single edge in {s0, s1, . . . , sk+1}.

Let x and y be an arbitrary pair of distinct vertices in Bk+1. If both x
and y are in Bk then our claimed paths exist by the inductive hypothesis,
so we assume that x is not in Bk. Let P ′

x be a minimal path of Bk+1 that
contains x and a vertex in the union of Bk and P . Note that any edge of
P ′
x belongs to F , since s0, s1, . . . , sk are all contained in Bk and sk+1 is in
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P . Let x′ be the unique vertex of P ′
x that is in either Bk or P . If x′ is in P ,

then by choosing an appropriate subpath of P , we can find a path of G[F ]
from x′ to a vertex in Bk. In any case, there is a path of Bk+1 from x to
a vertex of Bk that uses only edges in F . Let this path be Px and let x1
be the vertex of Px that is in Bk. If y is in Bk, then there is a path of Bk

between y and x1 that uses only edges in F , as well as a path that uses a
single edge in {s0, s1, . . . , sk+1}. By concatenating these paths with Px, we
obtain our desired paths of Bk+1. Therefore we assume that y is not in Bk.

By the same argument as before, there is a path Py of Bk+1 which joins y
to a vertex in Bk and uses only edges in F . Let y1 be the vertex in Py that
is in Bk. Now x1 and y1 are joined by a path of Bk that is also a path of
G[F ]. By concatenating this path with Px and Py we obtain a walk from x
to y using edges in F . Therefore Bk+1 contains a path of G[F ] from x to y.
Now we need only show that there is a path of Bk+1 from x to y that uses
a single edge in {s0, s1, . . . , sk+1}.

Since Bk+1 is biconnected, Menger’s Theorem says there is a pair of dis-
joint paths joining {x, y} to vertices in Bk. Assume that both paths are
minimal with this property, so that each one contains a unique vertex in
Bk. Assume that one of these paths joins x to x2 and the other joins y to
y2. If both of these paths are paths of G[F ], then we concatenate them with
a path of Bk that uses a single edge in {s0, s1, . . . , sk} to obtain the path
we desire. Otherwise, sk+1 is in exactly one of the paths, and the other
is a path of G[F ]. Now we concatenate the pair of paths with a path of
Bk from x2 to y2 that uses only edges in F . We obtain a path of Bk+1

that contains sk+1 and no edges in {s0, s1, . . . , sk} so we are done. We have
shown that s0, s1, . . . , sk+1 is a good sequence, contradicting the choice of
s0, s1, . . . , sk. □

Proposition 3.3. Let γ and γ′ be Z3-gainings of the biased graph Ω. Let e1
and e2 be distinct edges in a cycle C, and let a1 and a2 be arcs of e1 and e2
respectively. Assume that γ and γ′ take every edge in C other than e1 and
e2 to 1 and that neither γ nor γ′ takes a1 or a2 to 1. If γ(a1) = γ′(a1) then
γ(a2) = γ′(a2).

Proof. Without loss of generality we can assume that W is a simple closed
walk contained in C such that a1 and a2 are both arcs of W and that a1
appears in W before a2. Assume that γ(a1) = γ′(a1) and write π for this
common value. The gain of W is equal to πγ(a2) under γ and equal to
πγ′(a2) under γ

′. If C is balanced, then

πγ(a2) = 1 = πγ′(a2)

which implies the result. Now we assume that C is not balanced. This
means that πγ(a2) ̸= 1. Since the two terms in this product are non-
identity elements of Z3, we conclude that π = γ(a2). The same argument
shows π = γ′(a2) so the result follows. □
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Proposition 3.4. Let Ω be a connected biased graph and let γ and γ′ be
Z3-gainings of Ω. Let T be a spanning tree of Ω and assume that γ and γ′

both send all edges of T to 1.

(i) If every non-loop cycle is balanced, then γ and γ′ both send all non-
loop edges to 1.

(ii) If Ω has no proper 1-separation, then there exists an automorphism
τ of Z3 such that γ′(a) = τ(γ(a)) whenever a is an arc of a non-loop
edge.

Proof. Proposition 2.4 shows that γ and γ′ take the same edges to 1. Let F
be the set of non-loop edges that are taken to 1 by γ and γ′. Therefore F
contains all the edges of T . Let S be the set of non-loop edges that are not
in F .

Assume that every non-loop cycle is balanced. Let a be an arc of an
arbitrary non-loop edge, e. Let C be the cycle contained in the union of T
and e. Since C is balanced we see that γ(a) = 1 = γ′(a), so part (i) follows.

Now we assume that Ω has no proper 1-separation. If S is empty then
every non-loop cycle is balanced and we have reduced to case (i). Therefore
we may assume that S is non-empty. Proposition 3.2 shows that there is a
rounded ordering s0, s1, . . . , st of S. For each i let ai be an arc of si. Let Bi

be the block of Ω[F ∪ {s0, s1, . . . , si}] that contains {s0, s1, . . . , si}.
If γ′(a0) = γ(a0) then we let τ be the identity automorphism. Otherwise,

we let τ be the non-trivial automorphism of Z3. We can now rename τ ◦γ′ as
γ′ and therefore assume γ′(a0) = γ(a0). We need to show that γ′(ai) = γ(ai)
for every i. This equation holds when i = 0, so we make the inductive
assumption that it holds when i ≤ k. Let C be a cycle of Bk+1 that contains
sk+1 and exactly one edge sj in {s0, s1, . . . , sk}. The inductive assumption
implies γ′(aj) = γ(aj). Now Proposition 3.3 implies γ′(ak+1) = γ(ak+1), so
the inductive step is complete. □

Corollary 3.5. Let Ω be a connected biased graph such that either every
non-loop cycle is balanced, or Ω has no proper 1-separation. Assume that
γ and γ′ are Z3-gainings of Ω. By performing a switching on γ′ we can
obtain a Z3-gaining ρ such that there exists an automorphism τ of Z3 with
the property that ρ(a) = τ(γ(a)) whenever a is an arc of a non-loop edge.

Proof. Let T be a spanning tree of Ω. Let η : V (Ω) → Z3 and ν : V (Ω) → Z3

be switching functions such that the gainings γη and (γ′)ν both send every
edge in T to 1. By Proposition 3.4, there is an automorphism τ such that
(γ′)ν(a) = τ(γη(a)) whenever a is an arc of a non-loop edge. Now let
µ : V (Ω) → Z3 be the function taking each v ∈ V (Ω) to τ(η(v)−1). We let ρ
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be ((γ′)ν)µ. Whenever a = (e, u, v) is an arc of a non-loop edge we have

ρ(a) = ((γ′)ν)µ(a)

= µ(u)−1(γ′)ν(a)µ(v)

= τ(η(u))τ(γη(a))τ(η(v)−1)

= τ(η(u))τ(η(u)−1γ(a)η(v))τ(η(v)−1)

= τ(η(u)η(u)−1)τ(γ(a))τ(η(v)η(v)−1)

= τ(γ(a)). □

Our next lemma mirrors the strategy used by Gerards in a short proof
characterising the excluded minors for regular matroids [15]. A similar strat-
egy appears in the proof characterising the excluded minors for F4-repre-
sentable matroids [12]. That proof involves building an F4-representable
“twin” of the excluded minor. The next lemma builds a biased graph that
acts as a Z3-gainable twin of an excluded minor.

Lemma 3.6. Let e and f be distinct non-loop edges in the biased graph
Ω = (G,B) such that:

(i) Ω\e and Ω\f are both Z3-gainable,
(ii) Ω\{e, f} is connected up to isolated vertices and has no proper 1-sep-

aration,
(iii) Ω\{e, f} contains a non-loop unbalanced cycle,
(iv) if e is pendant in Ω\f , then it is pendant in Ω, and
(v) if f is pendant in Ω\e, then it is pendant in Ω.

There exists a unique set of cycles Btwin satisfying the theta property such
that Ωtwin = (G,Btwin) is Z3-gainable and

(1) Ωtwin\e = Ω\e and Ωtwin\f = Ω\f.
Proof. There is a connected component of Ω\{e, f} that contains a non-loop
unbalanced cycle. (Every other component is an isolated vertex.) Let T ′ be
a spanning tree of this connected component, and let T be a maximal forest
of Ω such that T ′ is a subtree of T . Thus any edge of T that is not in T ′

is either e or f . Let γe be a Z3-gaining of Ω\e and let γf be a Z3-gaining
of Ω\f . By applying a switching, we can assume that γe sends every edge
in T\e to 1 and that γf sends every edge in T\f to 1. Therefore γe and γf
both send the edges of T ′ to 1. Proposition 3.4 tells us that after applying
an automorphism of Z3 if necessary, we can assume γe(a) = γf (a) whenever
a is an arc of a non-loop edge of Ω\{e, f}.

Now we construct γ, a Z3-gaining of G. Let a be an arc of G. If a is the
arc of a loop, then we set γ(a) to be 1 if that loop is in B, and set it to be
ω otherwise. Now we assume that a is an arc of a non-loop edge. If a is an
arc of an edge in G\{e, f}, then γ(a) is defined to be γe(a) = γf (a). On the
other hand, if a is an arc of e, then we set γ(a) to be γf (a) and if a is an
arc of f , we set γ(a) to be γe(a). This completes the construction of γ. We
let Btwin be Bγ . It is clear that (1) holds.
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Next we must prove uniqueness. Let B′ be a set of cycles satisfying the
theta property such that Ω′ = (G,B′) is Z3-gainable and (1) holds. A loop
edge belongs to B if and only if it belongs to Btwin, by (1). Let γ′ be a
Z3-gaining of Ω′. By switching we can assume that γ′ sends every edge in T
to 1. If we restrict γ and γ′ to the edges of Ω\{e, f}, we obtain two gainings of
this graph that send every edge in the spanning tree T ′ to 1. Proposition 3.4
implies that by applying an automorphism of Z3 as necessary, we can assume
that γ(a) = γ′(a) whenever a is an arc of a non-loop edge in Ω\{e, f}. We
will be done if we can show that γ(a) = γ′(a) whenever a is an arc of a
non-loop edge in Ω, and this is true if a is an arc of a non-loop edge other
than e or f . So we will assume that a is an arc of e (the case when it is an
arc of f is identical).

Since γ and γ′ send the edges of T ′ to 1, Proposition 2.4 implies that
these gainings send exactly the same edges of Ω\{e, f} to 1. Let F be the
set of edges of Ω\{e, f} that are taken to 1 by γ and γ′. Let S be the
set of non-loop edges in Ω\{e, f} that are not in F . We have assumed
that Ω\{e, f} contains a non-loop unbalanced cycle. This means that there
must be at least one edge in S, so condition (iii) in Definition 3.1 applies.
Proposition 3.2 implies that there is a rounded ordering of S. Consequently,
between any pair of (non-isolated) vertices in Ω\{e, f} there is a path of
Ω\{e, f} that uses only edges in F , along with a path that uses exactly one
edge in S.

Recall that a is an arc of e. We first assume that e joins two vertices of
T ′. Let P be a path of Ω\{e, f} between the vertices of e such that P uses
exactly one edge in S and otherwise uses edges in F . Let P ′ be a path of
Ω\{e, f} between the same pair of vertices where P ′ uses only edges in F .
Assume that γ takes e to 1. Then the union of e with P ′ is a balanced cycle
of Ω\f = Ω′\f . It follows that γ′ also sends e to 1. The same argument
shows that if γ′ sends e to 1, then γ does also. Therefore we may as well
assume that neither γ nor γ′ sends e to 1. The union of P with e is a cycle
of Ω\f = Ω′\f , and it contains exactly two edges that are not sent to 1 by
γ or γ′. Now it follows from Proposition 3.3 that γ(a) = γ′(a). So if e joins
two vertices of T ′, then γ(a) = γ′(a) in any case.

Next assume that e does not join two vertices of T ′. We let w be a vertex
incident with e such that w is not in T ′. Note that no edge of Ω\{e, f} is
incident with w, so e is a pendant edge in Ω\f . But then the hypotheses
imply that e is a pendant edge in Ω, so e is the only edge of Ω that is
incident with w. As T is a maximal forest of Ω, it follows that e is in T .
Since γf sends edges of T\f to 1, we see that both γ and γ′ send e to 1.
This concludes the argument that γ(a) = γ′(a) whenever a is an arc of
e. Exactly the same argument applies when a is an arc of f . Therefore
B′ = Bγ′ = Bγ = Btwin holds and the proof is complete. □
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4. The case with a balancing pair of edges

Let e be a non-loop edge in the biased graph Ω. Recall that if every
unbalanced cycle of Ω contains e, then e is a balancing edge. Now let e and
f be distinct non-loop edges. If every unbalanced cycle contains either e or
f , then {e, f} is a balancing pair of edges. Assume that {e, f} is a balancing
pair and that f is not a balancing edge. Then there is an unbalanced cycle
that contains e but not f . Since e is a balancing edge of Ω\f , we can
use balanced rerouting to show that any cycle containing e but not f is
unbalanced. A symmetrical statement applies if e is not a balancing edge.

Let {e, f} be a balancing pair of edges in the biased graph Ω. Let the
end-vertices of e be ue and ve and let the end-vertices of f be uf and vf .
Let C and D be two cycles that contain e and f . Assume that there are
simple closed walks WC and WD, contained in C and D respectively, such
that WC contains ue, ve, uf , vf in this order and WD contains the sequence
ue, ve, vf , ef . In this case we say that C and D have opposite directions.
Otherwise C and D have the same direction. Let C and D be distinct
cycles containing e and f . We say that C,D is an inconsistent pair of cycles
if either:

• C and D have the same direction but opposite bias, or,
• C and D have opposite directions but the same bias.

Lemma 4.1. Let Ω be a biased graph containing an unbalanced cycle. Let
{e, f} be a balancing pair of edges in Ω, where neither e nor f is a balancing
edge. Then Ω is Z3-gainable if and only if it does not contain a pair of
inconsistent cycles.

Proof. Assume that the end-vertices of e (respectively f) are ue and ve
(respectively uf and vf ). Let ae be (e, ue, ve) and let af be (f, uf , vf ).
Suppose γ is a Z3-gaining of Ω. Since {e, f} is a balancing pair of edges, by
switching we can assume that γ takes every edge other than e and f to 1. As
neither e nor f is a balancing edge, γ takes neither e nor f to 1. Assume for
a contradiction that Ω contains a pair of inconsistent cycles, C and D. First
assume that C and D have the same direction. Without loss of generality
we can assume thatWC andWD are simple closed walks contained in C and
D respectively such that ae and af are arcs of both WC and WD and that
ae appears in these walks before af . Then

γ(WC) = γ(ae)γ(af ) = γ(WD)

and therefore both C and D are balanced or both are unbalanced. This
contradicts the definition of an inconsistent pair, so C and D have opposite
directions. We can assume that WC and WD are simple closed walks con-
tained in C and D such that WC contains ae and af in this order, while WD

contains ae and a−1
f in this order. Then γ(WC) = γ(ae)γ(af ) and

γ(WD) = γ(ae)γ(a
−1
f ) = γ(ae)γ(af )

−1.
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Since γ(ae) and γ(af ) are non-identity elements of Z3, it is impossible for
γ(ae)γ(af ) and γ(ae)γ(af )

−1 to be simultaneously equal to 1, or not equal
to 1. Therefore C and D have opposite bias and we have a contradiction.
This shows that if Ω is Z3-gainable, there is no pair of inconsistent cycles.

Conversely, suppose Ω does not contain a pair of inconsistent cycles. Be-
cause neither e nor f is a balancing edge, there is an unbalanced cycle con-
taining e but not f , and another containing f but not e. We noted earlier
that any cycle containing e but not f , or f but not e, must be unbalanced.
Assume there is no cycle containing both e and f . In this case we can define
the gaining γ so that γ(ae) = γ(af ) = ω, and γ takes any other edge to
1. It is easy to see that γ is a Z3-gaining of Ω. Therefore we consider the
case that there is at least one cycle, C, containing both e and f . We can
assume that any simple closed walk in C contains both ae and af or both

a−1
e and a−1

f . Let D be an arbitrary cycle containing e and f . Because

there is no pair of inconsistent cycles, if C and D have the same direction
then they have same bias, and if they have opposite directions, then they
have opposite bias. Assume C is balanced. We define the gaining γ so that
γ(ae) = ω and γ(af ) = ω2. On the other hand, if C is unbalanced we define
γ so that γ(ae) = γ(af ) = ω. In either case, define γ so that it takes any
other edge to 1. Now it is not hard to see that γ is a Z3-gaining of Ω. □

Assume {e, f} is a balancing pair of edges of the biased graph Ω, and that
e and f are incident with a common vertex. Then all cycles that contain
both e and f have the same direction, meaning that no inconsistent pair of
cycles can exist.

Lemma 4.2. Let Ω be an excluded minor for the class of Z3-gainable graphs.
If Ω has a balancing pair of edges, then Ω is isomorphic to −K4.

Proof. Certainly Ω has an unbalanced cycle, or else it is gainable over every
group. Because Ω is not Z3-gainable, Proposition 2.7 implies that it has no
balancing edge. Lemma 2.6 implies that Ω is biconnected (and therefore
loopless), and has no 2-separation with a balanced side that contains two
edges. Furthermore, Ω has minimum degree at least three.

Let {e, f} be a balancing pair of edges in Ω. Let ue and ve be the end-
vertices of e and let uf and vf be the end-vertices of f . Call a cycle consisting
of {e, f}, a ve-uf path, and a vf -ue path a forward cycle. Forward cycles
traverse the end-vertices of e and f in the cyclic order ue, ve, uf , vf . Let us
call a cycle that is the union of {e, f}, a ve-vf path, and a uf -ue path a
backward cycle. Backward cycles traverse the end-vertices of {e, f} in the
cyclic order ue, ve, vf , uf . So a pair of cycles has opposite directions if and
only if one is a forward cycle and the other is backward.

Since Ω is not Z3-gainable, Lemma 4.1 implies that it contains a pair
of inconsistent cycles. Therefore e and f are not incident with a common
vertex, by the paragraph preceding this lemma.
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Claim 4.2.1. Let C and D be a pair of inconsistent cycles. Every edge of
Ω is in either C or D.

Proof. Assume for a contradiction that Ω contains an edge a not in C ∪D.
Then {e, f} is a balancing pair in Ω\a and C and D form an inconsistent
pair of cycles in Ω\a. If neither e nor f is a balancing edge in Ω\a, then
Lemma 4.1 implies that Ω\a is not Z3-gainable, contradicting the minimality
of Ω. Therefore we will assume without loss of generality that e is a balancing
edge of Ω\a, so that any unbalanced cycle of Ω\a contains e. Note that f is
a balancing edge of Ω\e, and therefore a cycle of Ω\e is unbalanced if and
only if it contains f . But a is also a balancing edge of Ω\e, since Ω\{a, e}
has no unbalanced cycles. Therefore a cycle of Ω\e is unbalanced if and only
if it contains a. This shows that a and f are in exactly the same cycles in
Ω\e. Furthermore, Ω\e has at least one unbalanced cycle, so neither a nor
f is an isthmus of Ω\e. From this discussion we see that {a, f} is a minimal
edge cut-set in Ω\e.

There must be exactly two connected components in Ω\{e, f, a}. Let
these components be H1 and H2. Assume that e joins two vertices of H1.
Then no cycle of H2 contains e or f , and therefore any such cycle is balanced
in Ω. If H2 contains two edges, then Ω has a 2-separation where one side is
balanced and contains at least two edges. If it contains a single edge, then
this edge is a non-loop, so Ω contains a vertex of degree at most two. If H2

contains no edge at all, then once again Ω has a vertex of degree at most
two. In any case we have a contradiction. A symmetrical argument shows
that e cannot join two vertices of H2, so e joins a vertex of H1 to a vertex
of H2, and therefore {e, f, a} is a minimal edge cut-set of Ω.

By changing the labels on ue, ve, uf , and vf as necessary, we can assume
that H1 contains ve and uf and that H2 contains ue and vf . Now any
backwards cycle has to contain the edge a twice, and hence no such cycle
exists. So C and D are both forwards cycles, and because they form an
inconsistent pair, they have opposite bias. Let PC and PD, respectively, be
the subpaths of C and D from ve to uf that are contained in H1. Note that
(C − PC) ∪ PD is a cycle of Ω because PD is internally disjoint with C. As
H1 is balanced, it follows that (C−PC)∪PD is obtained from C by balanced
rerouting and therefore (C −PC)∪PD has the same bias as C. Let QC and
QD be the subpaths of C and D from vf to ue that are contained in H2.
Now we can obtain D from (C − PC) ∪ PD by replacing QC with QD. The
same reasoning tells us that D has the same bias as (C − PC) ∪ PD, and
hence the same bias as C. Therefore we have a contradiction. □

A chord of a cycle is a non-loop edge that joins two vertices of the cycle
without being contained in it.

Claim 4.2.2. Let C and D be a pair of inconsistent cycles and let a be an
edge not equal to e or f . Then a is a chord of either C or D.
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Proof. Note that Claim 4.2.1 implies that a is an edge of either C or D.
Assume that a is a chord of neither C nor D. If a is in C then we let C ′ be
C/a, and otherwise we let C ′ be C. We define D′ in the same way. Therefore
C ′ and D′ are both cycles in Ω/a that contain e and f , and indeed C ′ and
D′ form an inconsistent pair of cycles in Ω/a.

Now {e, f} is a balancing pair of edges in Ω/a. If neither e nor f is a
balancing edge in Ω/a, then Lemma 4.2 implies that Ω/a is not Z3-gainable
and we have a contradiction. Therefore we will assume without loss of
generality that e is a balancing edge in Ω/a. This means that Ω\e/a is
balanced. But Ω\e has an unbalanced cycle, and a is not a loop, so we have
contradicted Proposition 2.5. □

Claim 4.2.3. Let C and D be a pair of inconsistent cycles. Both C and D
are Hamiltonian. An edge that is in both C and D is equal to either e or f .

Proof. Suppose to the contrary, without loss of generality, that z is a vertex
not in D. Let a be an edge incident to z. Since a is not in D, it is in C by
Claim 4.2.1. So a is not a chord of C, and it cannot be a chord of D since z
is not in D. Thus we have contradicted Claim 4.2.2. Therefore both C and
D are Hamiltonian. Now assume a is an edge in both C and D, so that it
is a chord of neither cycle. Claim 4.2.2 implies that a is equal to e or f . □

Claim 4.2.4. Let C and D be a pair of inconsistent cycles. Let P and Q
be the two maximal subpaths of C that contain neither e nor f . Every edge
in D has one end-vertex in P and the other in Q.

Proof. Suppose not, and let d be an edge in D each of whose end-vertices
are in P . This means d is not equal to either e or f . The cycle in P ∪ d
is balanced, so via a balanced rerouting of C along d we obtain a cycle C ′

containing d with the same bias as C. Furthermore C and C ′ have the same
direction. Therefore C ′ and D form an inconsistent pair of cycles that have
the edge d in common. This contradicts Claim 4.2.3. □

Claim 4.2.5. There exists an inconsistent pair of cycles with opposite di-
rection.

Proof. We assume this fails. Since Ω is not Z3-gainable, Lemma 4.1 tells us
that there is an inconsistent pair, C and D. By changing the labels of uf
and vf as necessary, we can assume that C, and therefore D, is a forward
cycle. Note that C and D have opposite bias.

Let C1 be the subpath of C that joins ve to uf while avoiding e and f ,
and let C2 be the subpath of C joining vf to ue that avoids e and f . Let du
and dv (respectively) be the vertices that are joined to ue (respectively ve)
by edges of D. Now ue is in C2, so Claim 4.2.4 implies du is in C1. Similarly,
dv is in C2. Let D

′ be the cycle consisting of e, f , the edges of D that join
ue to du and ve to dv, along with the subpaths duC1uf and dvC2vf . We
observe that D′ is a backward cycle.

If D′ has the same bias as C then C and D′ form an inconsistent pair with
opposite direction, contrary to assumption. So D′ has the opposite bias to
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C, meaning that D′ has the same bias as D. Therefore D and D′ form an
inconsistent pair with opposite directions, and we have a contradiction. □

At this point, we assume that C and D are an inconsistent pair of cycles
with opposite directions. As in the proof of Claim 4.2.5, we can assume that
C is a forward cycle, so that D is a backward cycle. Note that C and D
have the same bias. We define D′ in exactly the same way as in the proof
of Claim 4.2.5, so that D′ is a backward cycle. We claim that C and D′

form an inconsistent pair. This is true if C and D′ have the same bias, so
we assume that they have opposite bias. Thus D and D′ have the opposite
bias and the same direction. We see that D and D′ form an inconsistent
pair. But they share two edges other than e and f , so we have contradicted
Claim 4.2.3. This contradiction shows that C and D′ form an inconsistent
pair.

If either duC1uf or dvC2vf contains an edge, then C and D′ have a com-
mon edge that is not e or f , contradicting Claim 4.2.3. Therefore duC1uf
and dvC2vf are trivial paths, so du = uf and dv = vf . This shows that D
contains only four vertices. As D is Hamiltonian by Claim 4.2.3, we see that
Ω contains exactly four vertices. Every edge is of Ω is in either C or D by
Claim 4.2.1. Now Claim 4.2.3 implies that Ω has exactly six edges. No edge
of C is parallel to an edge of D, so Ω has no parallel pairs of edges and no
loops, and therefore the underlying graph of Ω is K4. The edges e and f
form a matching.

Any 3-edge cycle of Ω contains exactly one of e and f , and is therefore
unbalanced. Assume that C is unbalanced. Then D too is unbalanced
because they have the same bias. By contracting e and f we obtain the
biased graph (4K2, ∅), which is an excluded minor for Z3-gainability by
Proposition 2.8. Thus Ω has a proper minor that is not Z3-gainable, and we
have a contradiction. We conclude that C, and therefore D, is balanced.

There is one more 4-edge cycle of Ω: the cycle consisting of all edges other
than e and f . Denote this cycle by A and assume that A is unbalanced.
We will show that Ω is Z3-gainable. Let x be the edge joining ve to uf and
let y be the edge joining vf to ue. Let γ be the gaining that sends every
edge of D to 1, where γ(x, ve, uf ) = ω, and where γ(y, vf , ue) = ω2. It is
straightforward to check that this is indeed a Z3-gaining of Ω, which is a
contradiction. Therefore A is balanced.

We have shown that the underlying graph of Ω is K4, that every 3-edge
cycle is unbalanced, and every 4-edge cycle is balanced. Thus Ω is −K4, as
desired. □

5. Proof of the main theorem

In this section we prove our main theorem.

Theorem 5.1. The only excluded minors for the class of Z3-gainable biased
graphs are (4K2, ∅), ±K3, and −K4.
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Proof. Let Ω = (G,B) be a biased graph that is an excluded minor for the
class of Z3-gainable biased graphs. Assume for a contradiction that Ω is
not one of the biased graphs listed in the theorem statement. Since the
excluded minors form an antichain in the minor order, this means that Ω
has no minor isomorphic to (4K2, ∅), ±K3, or −K4.

It follows from Proposition 2.7 that Ω has no balancing edge. Since Ω has
no minor isomorphic to −K4, Lemma 4.2 implies that Ω has no balancing
pair of edges. Lemma 2.6 says that Ω has at least two vertices, minimum
degree at least three, and is biconnected. Recall that this means that Ω has
no 1-separation. In particular, Ω is loopless. Furthermore, any 2-edge cycle
is unbalanced.

Claim 5.1.1. Ω has at least three vertices.

Proof. Assume that Ω has exactly two vertices. Since Ω is loopless and every
2-edge cycle is unbalanced, Ω is isomorphic to (nK2, ∅) for some positive
integer n. Proposition 2.8 now implies that either Ω is Z3-gainable, or it
contains a (4K2, ∅)-minor. We have a contradiction in either case, so Ω has
at least three vertices. □

Since Ω is biconnected with at least three vertices, it is 2-connected.
Corollary 2.3 says that we can choose distinct edges e and f such that each
of Ω\e, Ω\f , and Ω\{e, f} is 2-connected. Because Ω has no balancing
pair, it follows that Ω\{e, f} has an unbalanced cycle, and this cycle is not
a loop, since Ω is loopless. Now we can apply Lemma 3.6 to obtain the
unique biased graph Ωtwin = (G,Btwin) such that Ωtwin is Z3-gainable and
Ωtwin\e = Ω\e and Ωtwin\f = Ω\f . Since Ω is not Z3-gainable, but Ωtwin

is, there must exist at least one cycle that is in exactly one of B and Btwin.
Any such cycle is said to be a bad cycle of Ω. As Ωtwin\e = Ω\e, it follows
that any bad cycle contains e, and by symmetry, also contains f .

Claim 5.1.2. Let C be a bad cycle. Let Λ = Ω/A\B be a proper minor of
Ω such that:

(i) e and f are edges of Λ,
(ii) B does not contain any edge of C,
(iii) if P is a path of Ω[A] that joins two distinct vertices of C, then every

edge of P is in C,
(iv) if e is pendant in Λ\f , then it is pendant in Λ, and
(v) if f is pendant in Λ\e, then it is pendant in Λ.

Then either Λ\{e, f} is not connected (even after removing isolated vertices),
or it has a proper 1-separation, or the only unbalanced cycles in Λ\{e, f}
are loops.

Proof. Assume for a contradiction that Λ\{e, f} is connected (up to isolated
vertices), has no proper 1-separation, and also contains a non-loop unbal-
anced cycle. Certainly Λ is Z3-gainable because it is a proper minor of Ω,
and therefore so are Λ\e and Λ\f . We may apply Lemma 3.6 to Λ and find
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the unique Z3-gainable biased graph Λtwin on the same underlying graph as
Λ where Λtwin\e = Λ\e and Λtwin\f = Λ\f . But Λ is also a Z3-gainable
biased graph. Furthermore, Λ\e = Λ\e and Λ\f = Λ\f trivially hold. So
the uniqueness of Λtwin now implies that Λ = Λtwin.

Because Ωtwin\e = Ω\e, we see that

(Ωtwin/A\B)\e = (Ωtwin\e)/A\B = (Ω\e)/A\B = (Ω/A\B)\e = Λ\e.

Similarly, (Ωtwin/A\B)\f = Λ\f . Now Ωtwin is Z3-gainable, and therefore so
is Ωtwin/A\B. Uniqueness implies that Ωtwin/A\B = Λtwin = Λ = Ω/A\B.

The hypotheses imply that Λ contains a cycle C ′ obtained from C by
contracting every edge of C that is in A. Because C is a bad cycle, this
means that C ′ is balanced in exactly one of Λ = Ω/A\B and Ωtwin/A\B.
This is a contradiction to Ωtwin/A\B = Ω/A\B, so the proof is complete. □

Next we show that any bad cycle must be Hamiltonian. Recall that
a chord of a cycle is a non-loop edge that joins two vertices of the cycle
without being contained in it. A chord is proper if it is not parallel to an
edge of the cycle.

Claim 5.1.3. Any bad cycle contains every vertex of Ω.

Proof. Let C be a bad cycle, so that C contains e and f . Suppose there
exists a vertex z ∈ V (Ω) \ V (C). Note that z is not incident with e or
f . Recall that there is a non-loop unbalanced cycle in Ω\{e, f}. Since any
unbalanced cycle contains at most two edges incident with z, but z has
degree at least three, we can choose an edge g incident with z such that
Ω\{e, f, g} has a non-loop unbalanced cycle. Assume that every unbalanced
cycle of Ω\{e, f}/g is a loop. We will prove that g is in an unbalanced 2-edge
cycle of Ω\{e, f}. Let A be an unbalanced cycle of Ω\{e, f}. If g is in A,
then A must be a 2-edge cycle, as we want, because otherwise Ω\{e, f}/g
has an unbalanced non-loop cycle. So we will assume that g is not in A.
Then g is a chord of A, so A∪ g contains two cycles that contain g. At least
one of these cycles is unbalanced, or else we violate the theta property. If
g is a proper chord of A, then there is an unbalanced cycle in A ∪ g that
contains g and at least three edges. This contradicts our assumption, so g
is not a proper chord of A, and therefore it is in a 2-edge cycle, which must
be unbalanced.

We have proved that if every unbalanced cycle of Ω\{e, f}/g is a loop,
then g is in an unbalanced 2-edge cycle of Ω\{e, f}. In this case, we let h
be an edge incident with z that is not parallel to g. (Note that such an edge
exists because otherwise Ω\{e, f} would have a proper 1-separation.) Since
there is an unbalanced cycle consisting of two edges parallel with g, we see
that both Ω\{e, f, h} and Ω\{e, f}/h have non-loop unbalanced cycles. Now
we relabel h as g, so in any case we can assume that g is an edge incident with
z chosen so that both Ω\{e, f, g} and Ω\{e, f}/g have non-loop unbalanced
cycles.
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Since Ω\{e, f} is 2-connected and loopless, it follows from Proposition 2.1
that we can choose a graph from Ω\{e, f, g} or Ω\{e, f}/g that is connected
without proper 1-separations. Let Λ be either Ω/g or Ω\g, chosen so that
Λ\{e, f} is connected and has no proper 1-separation. Note that e and f
are edges of Λ and that g has been chosen so that it does not join two
vertices of the bad cycle C (since it is incident with z). Assume that e is
pendant in Λ\f . Then Λ must be Ω\g, and some degree-three vertex of Ω is
incident with e, f , and g. But in this case g is a pendant edge of Ω\{e, f},
which is a contradiction since this graph is 2-connected. Therefore e is not
pendant in Λ\f and symmetrically, f is not pendant in Λ\e. Now we apply
Claim 5.1.2 with A set to {g} and B set to ∅. Since Λ\{e, f} is connected
and has no 1-separation, we can deduce that its only unbalanced cycles are
loops. This is impossible because Λ\{e, f} is equal to either Ω\{e, f, g} or
Ω\{e, f}/g, and both these biased graphs have non-loop unbalanced cycles.
This contradiction shows that C is a Hamiltonian cycle of Ω. □

Let C be a bad cycle. Then C contains e and f , and is Hamiltonian by
Claim 5.1.3. Since Ω has at least three vertices, we can deduce that e and
f are not parallel.

Claim 5.1.4. Let C be a bad cycle and let g be an edge of C that is not equal
to e or f . Assume Ω\{e, f}/g is connected and has no proper 1-separation.
The only unbalanced cycles of Ω\{e, f} that contain g are 2-edge cycles.
If D is an unbalanced cycle of Ω\{e, f} that does not contain g, then one
of the edges of D is parallel to g. Moreover, g is in the unique non-trivial
parallel class of Ω\{e, f}.
Proof. We apply Claim 5.1.2 with Λ = Ω/g. Since g is an edge of the bad
cycle C, it is clear that conditions (i), (ii), and (iii) in this claim are true.
If e is pendant in Λ\f , then Λ has a vertex with degree at most two, which
implies that Ω too has such a vertex. This is a contradiction, so by symmetry
we see that conditions (iv) and (v) in Claim 5.1.2 both hold. Therefore the
claim implies that Λ\{e, f} is not connected, or it has a proper 1-separation,
or its only unbalanced cycles are loops. The hypotheses now imply that the
only unbalanced cycles in Λ\{e, f} are loops. Now it follows that the only
unbalanced cycles of Ω\{e, f} that contain g are 2-edge cycles.

Assume that D is an unbalanced cycle of Ω\{e, f} that does not contain
g. Note that D is not a loop. Then g is a chord of D, or else D is a non-loop
unbalanced cycle of Ω\{e, f}/g. At least one of the two cycles in D∪ g that
contains g is unbalanced, by the theta property. This cycle must be a 2-edge
cycle, so g is parallel to an edge of D.

There is at least one unbalanced cycle in Ω\{e, f}. The previous para-
graphs now show that g is in a 2-edge cycle in Ω\{e, f}, so g is in a non-trivial
parallel class. If Ω\{e, f} contains a different non-trivial parallel class then
it contains an unbalanced 2-edge cycle that does not contain g and which
does not contain an edge parallel to g, which contradicts our previous con-
clusions. □
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Claim 5.1.5. Ω has at least four vertices

Proof. We proved in Claim 5.1.1 that Ω has at least three vertices, so assume
that it has exactly three. Let these vertices be u0, u1, and u2, where we can
assume that e joins u0 and u1 while f joins u0 and u2. Let g be the third
edge in the bad cycle C, so that g joins u1 and u2. If e is not in a 2-edge
cycle, then Ω\{e, f} cannot be 2-connected, a contradiction. Therefore we
can assume that the edge e′ is parallel to e. We can similarly assume that
f ′ is parallel to f . Then Ω\{e, f}/g is certainly connected, and it cannot
have a proper 1-separation because it only has two vertices. So we can apply
Claim 5.1.4 and deduce that g is in the unique non-trivial parallel class of
Ω\{e, f}. Let g′ be an edge that is parallel to g. We see that {e, e′} and
{f, f ′} are both parallel classes of size two.

Now Ω\e, Ω\g, and Ω\{e, g} are all 2-connected. Therefore we could
construct Ωtwin relative to the pair {e, g} instead of {e, f}. In this case we
would find a bad cycle that contains e, g, and either f or f ′. By using the
same arguments as above, we could show that {f, f ′} is the unique non-
trivial parallel class of Ω\{e, g}. But this implies that {g, g′} is a parallel
class of Ω. So now we know that Ω has three parallel classes, each of size
two.

e

g′

fe′

g

f ′

u0

u1 u2

Figure 3. The biased graph Ω. The solid lines are the edges
in the set X.

Let X = {e, f, g′}. We will show that a Hamiltonian cycle is balanced if
and only if it contains an even number of edges in X. This will show that
Ω is isomorphic to ±K3, a contradiction. The cycle which contains zero
edges of X is {e′, f ′, g}, and Claim 5.1.4 implies that this cycle is balanced,
because it is a cycle of Ω\{e, f} that contains g. Assume D and D′ are
Hamiltonian cycles of Ω that have exactly two edges in common. If one of
these cycles is balanced, then the other is unbalanced, because otherwise
the union of D and D′ violates the theta property (remembering that every
2-edge cycle is unbalanced). Now it follows that any cycle with exactly one
edge in X is unbalanced.

Assume that X is a balanced cycle. Then any cycle that contains exactly
two edges of X is unbalanced, by the same argument as in the previous
paragraph. In this case a cycle is balanced if and only if it is X or the
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complement of X. We define the gaining γ so that it every edge not in X
to 1, and so that

γ(e, u0, u1) = γ(g′, u1, u2) = γ(f, u2, u0) = ω.

Now we can check that γ is a Z3-gaining of Ω and we have a contradiction.
Therefore X is unbalanced.

If every cycle that contains exactly two edges of X is balanced, then Ω is
isomorphic to ±K3, and we have our desired contradiction. So we assume
there is at least one unbalanced cycle that contains exactly two edges of X.
Assume there is exactly one such cycle. Using symmetry, we will assume
that {e, f, g} is unbalanced, but {e, f ′, g′} and {e′, f, g′} are both balanced.
In this case we can define γ so that once again it takes every edge not in X
to 1 and so that

γ(e, u0, u1) = γ(f, u2, u0) = ω and γ(g′, u1, u2) = ω2.

This again shows that Ω is Z3-gainable, so we have another contradiction.
Now we must assume that there are at least two unbalanced cycles that
contain exactly two edges in X. Without loss of generality, we can assume
that g′ is in two such cycles. Therefore {e, f ′, g′} and {e′, f, g′} are both
unbalanced. We also know that {e, e′}, {f, f ′}, {e′, f ′, g′}, and {e, f, g′} = X
are unbalanced. This means that Ω/g′\g is isomorphic to (4K2, ∅), which is
a contradiction. □

Claim 5.1.6. Let C be a bad cycle. Let a be a proper chord of C. Let
C ′ be a cycle contained in C ∪ a that contains a. Then C ′ is unbalanced in
both Ω and Ωtwin.

Proof. Let C1 and C2 be the cycles contained in C ∪a such that a is in both
C1 and C2. Since a is a proper chord, neither C1 nor C2 is Hamiltonian, so
Claim 5.1.3 implies that neither is a bad cycle. So C1 is balanced in both Ω
and Ωtwin, or unbalanced in both. The same statement applies to C2. Recall
that C is balanced in exactly one of Ω and Ωtwin. Let {Ωbal,Ωunbal} be equal
to {Ω,Ωtwin}, where C is balanced in Ωbal and unbalanced in Ωunbal. If C1

and C2 are both balanced, then in Ωunbal, the theta subgraph consisting of
C and a contains exactly two balanced cycles. If exactly one of C1 and C2

is balanced, then we obtain the same contradiction to the theta property in
Ωbal. So it must be the case that C1 and C2 are both unbalanced in both Ω
and Ωtwin. □

We now fix the bad cycle C, so that C contains e and f . Let P and Q
be the two maximal subpaths of C that contain neither e nor f . Because
C is Hamiltonian, every vertex of Ω is contained in either P or Q. Recall
that Ω\{e, f} is 2-connected. If P and Q both have at least two vertices,
then Menger’s Theorem implies that we can find disjoint edges x and y of
Ω\{e, f}, both of which join a vertex of P to a vertex of Q. In this case
we let D be the cycle consisting of x and y along with the subpaths of P
and Q that join the end-vertices of x and y. Now assume that P contains a
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single vertex, call it u. In Ω\{e, f}, there are two distinct neighbours of u
in Q, or else the biased graph is not 2-connected. So we let D be the cycle
consisting of the subpath of Q that joins the two neighbours, along with
edges joining them to u. Similarly, if Q contains a single vertex, then we
can let D be a cycle consisting of a non-trivial subpath of P and two edges
joining this subpath to the vertex in Q. In any case, D is a cycle of Ω\{e, f}
with at least three edges, containing exactly two edges joining vertices in P
to vertices in Q. If both P and Q contain at least two vertices, then these
two edges are disjoint.

Claim 5.1.7. D is Hamiltonian.

Proof. Note that D contains at least three vertices.

5.1.7.1. If g is an edge of C −{e, f} such that g is not in D and g shares a
vertex with either e or f , then Ω\{e, f}/g is 2-connected.

Proof. Without loss of generality, we can assume that g is in P and that g
shares a vertex (call it u) with e. Assume Ω\{e, f}/g is not 2-connected. Be-
cause it has at least three vertices by Claim 5.1.5, it follows that Ω\{e, f}/g
has a proper 1-separation, and hence a cut-vertex. In fact, because Ω\{e, f}
is 2-connected, the only cut-vertex of Ω\{e, f}/g is obtained by identify-
ing the end-vertices of g. Let w be this vertex. Note that D is a cycle of
Ω\{e, f}/g, so some block contains D. Let v be a vertex of (Ω\{e, f}/g)−w
that is not in the same connected component as D−w. Thus v is not in D,
not equal to w, and every v-D path of Ω\{e, f}/g contains the cut-vertex
w. But v is in either Q or P − w. In the former case, there is a subpath
of Q that is a v-D path of (Ω\{e, f}/g) − w, a contradiction. So v is in
P − w. If v is in the subpath of P from w to D, then since v ̸= w, there
is a subpath of P − w that joins v to D in (Ω\{e, f}/g) − w. So therefore
v is not in this subpath. Notice that P contains more than two vertices,
and therefore the intersection of D and P contains at least one edge. Let
d1 and d2 be the end-vertices of the maximal subpath of P contained in D.
Thus d1 ̸= d2. Without loss of generality, the minimal subpath of P/g in
Ω\{e, f}/g from w to a vertex in D has d1 as an end-vertex. This means
that d2 ̸= w. Therefore the minimal subpath of P/g from v to a vertex in
D contains d2, and does not contain w. Thus v is joined to a vertex of D
by a path in (Ω\{e, f}/g)− w and we have a final contradiction. □

Assume that D is not Hamiltonian. Then we can assume without loss
of generality that the end-vertex of P incident with e is not in D. Let
u be this end-vertex and let g be the edge of P incident with u. Then
Ω\{e, f}/g is 2-connected by 5.1.7.1, so we are able to apply Claim 5.1.4.
The only unbalanced cycles of Ω\{e, f} that contain g are 2-edge cycles.
Moreover, g is in the unique non-trivial parallel class of Ω\{e, f}. If an end-
vertex of Q were not in D, we could apply 5.1.7.1 again, and deduce that
the only non-trivial parallel class of Ω\{e, f} is incident with one of these
end-vertices. This would mean that the unique non-trivial parallel class of
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Ω\{e, f} contains both an edge of P and an edge of Q. This is impossible, so
both the end-vertices of Q are in D. Similarly, if we let u′ be the end-vertex
of P that is incident with f , then u′ must be in D.

Assume that Q contains an edge and let q be an edge in Q. If Ω\{e, f}/q is
2-connected then we can apply Claim 5.1.4 and deduce that q is in the unique
non-trivial parallel class of Ω\{e, f}, and we have the same contradiction as
in the last paragraph. Therefore Ω\{e, f}/q is not 2-connected. Let w be
the vertex obtained by identifying the end-vertices of q. Then w is a cut-
vertex of Ω\{e, f}/q. Note that D/q is a cycle of Ω\{e, f}/q, so there is
some vertex v not in the same component of (Ω\{e, f}/q)−w as (D/q)−w.
Therefore any v-(D/q)− w path in Ω\{e, f}/q passes through w. But Q/q
is a subpath of D/q, so all vertices of Q/q are in D/q. Therefore v is in P .
But then a subpath of P joins v to D/q in (Ω\{e, f}/q) − w, and we have
a contradiction. This shows that Q cannot contain an edge and hence Q
consists of a single vertex.

Now D has at least three edges. It does not contain an edge of Q, because
no such edge exists. Therefore D contains an edge p that is in P . Note
that p and g are distinct edges of P . If Ω\{e, f}/p were 2-connected, then
p would be in the unique non-trivial parallel class of Ω\{e, f}, which is
impossible because we can say the same thing of g. Therefore Ω\{e, f}/p
is not 2-connected. Let w be the vertex produced by identifying the end-
vertices of p. Then w is a cut-vertex of Ω\{e, f}/p, so there is some vertex
v such that any path from v to the cycle D/p passes through w. Note that
v must be in P , but not in D

Recall that u is the end-vertex of e that is in P , and that u is not in D.
Let z be the other end-vertex of P . We have shown that z is in D. Let
P ′ be the maximal subpath of P in Ω\{e, f} that contains no edge of D,
so that v is a vertex of P ′. One end-vertex of P ′ is u. Let us denote the
other end-vertex by u′, so u′ is the unique vertex of P ′ in D. The subpath
of P ′ joining v to D must contain w in Ω\{e, f}/g, which means that u′ is
one of the two vertices identified as w. Thus p is the edge of D that is in P
and incident with u′. Since Ω\{e, f} is 2-connected, it has a v-D path that
does not contain u′. Recall that such a path contains exactly one vertex of
D. This path must contain the other end-vertex of p, or else it is a v-(D/p)
path of Ω\{e, f}/p that does not contain w. Note that this path cannot
contain the single vertex of Q, or else there would be another v-(D/p) path
of Ω\{e, f}/p that avoids w. So the existence of this path establishes that
there is an edge joining a vertex of P ′−u′ to the end-vertex of p that is not
equal to u′. Let h be such an edge.

Note that h joins two non-adjacent vertices of P , so it is a proper chord
of the bad cycle C. Thus Claim 5.1.6 implies that the cycle contained in
P ∪ h is unbalanced. This cycle has more than two edges. As Ω\{e, f}/g is
2-connected, Claim 5.1.4 implies that g must be parallel to an edge of the
cycle in P ∪ h, which means that g is parallel to h. This is impossible since
h is incident with a vertex not in P ′. □
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Figure 4. The biased graph Ω. The cycle D is marked
in bold lines. The horizontal edges belong to the path P .
Dashed lines indicate paths of unspecified length and solid
lines indicate edges. The only non-trivial parallel class of
Ω\{e, f} is the one containing g.

Now we know that D is a Hamiltonian cycle of Ω\{e, f}, so it contains
all of P and Q. Since Ω has at least four vertices, it follows that there are
two distinct edges, call them g and g′, that are in either P or Q. Note
that g and g′ are in D. Now Ω\{e, f}/g contains a Hamiltonian cycle,
and is therefore 2-connected. The same statement is true of Ω\{e, f}/g′.
Therefore Claim 5.1.4 implies that there is a unique non-trivial parallel class
of Ω\{e, f} and this class contains both g and g′. As g and g′ are not parallel,
we have reached a final contradiction in the proof of Theorem 5.1. □

6. Partial groups

In this section, we consider gainability over a more general algebraic struc-
ture. We will use these ideas to prove Theorems 1.4 and 1.5, restated below.
(Recall that a biased graph is regular if it is Γ-gainable for every non-trivial
group Γ.)

Theorem 1.4. Let Ω be a biased graph. Then Ω is regular if and only if Ω
is Z2-gainable and Z3-gainable.

Using Theorem 1.4 together with Theorems 1.1 and 1.2, we obtain the
excluded minors for regular biased graphs as an immediate consequence.

Theorem 1.5. The excluded minors for the class of regular biased graphs
are (3K2, ∅), ±K3, and −K4.

Our introduction of “partial groups” mirrors the development of “partial
fields” in order to attack problems on characterising matroids that are rep-
resentable over a set of fields [20, 21, 25]. In particular, for any finite set of
fields F , there exists a partial field P such that a matroid is representable
over each field in F if and only if it is representable over P. We prove an
analogous result for partial groups, as Theorem 6.11.
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6.1. An introduction to partial groups.

Definition 6.1. A partial group is a pair L = (Γ, X) where Γ is a group
with identity 1Γ, and X ⊆ Γ is a set satisfying:

(i) 1Γ ∈ X,
(ii) if a ∈ X, then a−1 ∈ X,
(iii) if a ∈ X and g ∈ Γ, then gag−1 ∈ X.

Note that when Γ is abelian, condition (iii) is satisfied trivially. We say a is
an element of L when a ∈ X, and denote this by writing a ∈ L. We say that
1Γ is the identity of L, and we also write this element as 1L.

Let L = (Γ, X) be a partial group, and let γ be a Γ-gaining of the biased
graph Ω. If the gain of each closed walk is in X, then we say that γ is a
L-gaining of Ω. If Ω has an L-gaining, then we say it is L-gainable. Note
that the gains of simple closed walks of a cycle are inverses when they are
the reverse of one another, and conjugates when they are cyclic shifts of one
another (but are in the same direction). So by properties (ii) and (iii) of
Definition 6.1, we have the following.

Remark 6.2. If the gain of one simple closed walk of a cycle C is in X,
then the gains of all simple closed walks of C are in X. Furthermore, they
are either all equal to 1L or all not equal to 1L.

Note that when Γ is a group, the pair (Γ,Γ) is a partial group, and a
Γ-gaining is the same as a (Γ,Γ)-gaining. We will thus identify a group Γ
with its associated partial group (Γ,Γ).

We observe that switching preserves gainability over a partial group.

Remark 6.3. Let γ(a1) · · · γ(an) ∈ X be the gain of a simple closed walk.
Switching at an internal vertex does not change this gain, while switching by
g ∈ Γ at the end-vertex gives the gain g [γ(a1) · · · γ(an)] g−1. Property (iii)
of Definition 6.1 implies that this gain is in X. Since any switching can be
produced by performing a sequence of switchings at vertices, it follows that
γη is an L-gaining of the biased graph Ω whenever γ is an L-gaining of Ω
and η is a switching function.

Lemma 6.4. Let L = (Γ, X) be a partial group. Let γ be an L-gaining of the
biased graph Ω = (G,B). Let T be a forest of G. Then Ω has an L-gaining
where every arc receives a gain in L and every edge in T receives the gain
1L.

Proof. We observed earlier that there is a switching function η such that γη

takes each edge in T to 1Γ = 1L. Remark 6.3 implies that the gain of any
simple closed walk under the gaining γη belongs to X. Let a be an arc of
the edge e. If e is in T , then γη takes a to 1L. Otherwise, γη(a) is equal to
the gain of a simple closed walk corresponding to the unique cycle in T ∪ e.
This implies that γη(a) is in X. The result follows. □
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Proposition 6.5. Let L be a partial group. The class of L-gainable biased
graphs is closed under minors.

Proof. Let γ be an L-gaining of a biased graph Ω = (G,B). Let A and B be
disjoint sets of edges such that Ω[A] is balanced. Let T ′ be a maximal forest
of Ω[A] and let T be a maximal forest of Ω that contains T ′. Lemma 6.4
implies there is an L-gaining γ of Ω where edges in T receive a gain of 1L.
It follows that any edge in A also receives a gain of 1L. Now for a cycle
C in Ω/A\B, consider a cycle C ′ in Ω corresponding to C; that is to say
every edge of C is in C ′, and every edge of C ′ − C is in A. So by taking a
closed walk W ′ on C ′ and omitting the identity gains on elements of A, we
have that γ(W ′) is equal to the gain C receives from the restriction of γ to
Ω/A\B. By the definition of minors, C is in B/A\B precisely when C ′ is in
B, which is when true exactly when γ(W ′) = 1Γ. Thus restricting γ to the
edges of Ω/A\B produces an L-gaining for Ω/A\B. □

6.2. Partial-group Homomorphisms.

Definition 6.6. Let L1 = (Γ1, X1) and L2 = (Γ2, X2) be partial groups with
identities 1L1 and 1L2 respectively, and let ϕ : X1 → X2 be a function. Then
ϕ is a partial-group homomorphism if it satisfies the following:

(i) ϕ(1L1) = 1L2 ,
(ii) if x is in X1 − {1L1}, then ϕ(x) ̸= 1L2 ,
(iii) if a, b ∈ X1 are such that ab is in X1, then ϕ(ab) = ϕ(a)ϕ(b).

Example 6.7. Let Z2 be {1, ω} and let Z2
2 be {1, a, b, ab}. The map

1 7→ 1, a 7→ ω, b 7→ ω

is a partial-group homomorphism from (Z2
2, {1, a, b}) to (Z2,Z2).

Note that a composition of homomorphisms is also a homomorphism. We
say that partial groups L1 and L2 are homomorphically equivalent if there
exist partial-group homomorphisms from L1 to L2, and from L2 to L1. Note
the existence of a bijective partial-group homomorphism between L1 and L2
is sufficient for them to be homomorphically equivalent. However it is not
necessary; indeed, one can easily construct a homomorphism from (Z2,Z2)
to (Z2

2, {1, a, b}), so these partial groups are homomorphically equivalent.

Lemma 6.8. Let L1 and L2 be partial groups, and let ϕ : L1 → L2 be a
partial-group homomorphism. If a biased graph is gainable over L1, then it
is gainable over L2.

Proof. Suppose a biased graph Ω = (G,B) is gainable over L1. Take some
maximal forest T of Ω. By Lemma 6.4, there is an L1-gaining γ1 of Ω where
every arc receives a label in L1 and the edges of T receive the label 1L1 . We
claim that γ2 = ϕ◦γ1 is an L2-gaining of Ω. We first show that ϕ distributes
over simple closed walks.

Claim 6.8.1. For a simple closed walkW in G, we have γ2(W ) = ϕ(γ1(W )).
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Proof. For a cycle C of G, we proceed by induction on the number of edges
in C − T . As T is a forest, we can assume that C has at least one element
not in T .

If |C − T | = 1, then by Lemma 6.4, one of the arcs in C is given a label
in L1 while the rest are given the label 1L1 . Let W be a simple closed walk
contained in C and let b be an arc in W such that every other arc of W
receives the label 1L1 . Then

γ2(W ) =
∏
a∈W

γ2(a) =
∏
a∈W

ϕ(γ1(a))

= ϕ(γ1(b)) = ϕ

(∏
a∈W

γ1(a)

)
= ϕ(γ1(W )).

So the claim holds when |C−T | = 1. Suppose |C−T | ≥ 2 and that the claim
holds for all cycles C ′ with |C ′−T | < |C−T |. Take distinct e, f ∈ C−T and
consider the two components of C − e− f . As T is a maximal forest, there
is a path P within T between two vertices x and y in distinct components.
Note C ∪P is a theta graph containing the edges e and f . Let Ce ∋ e be the
cycle in C ∪P −f and let Cf ∋ f be the cycle in C ∪P −f . Note C is equal
to the symmetric difference Ce△Cf and that |Ce−T |, |Cf −T | < |C−T | as
they are missing f and e respectively. Let W be the simple walk of C that
starts and ends at x, and traverses e before f . Let We be the simple walk of
Ce that starts at x and traverses e before finally taking P from y to x. Let
Wf be the simple walk of Cf that starts by taking P from x to y, traverses
f and ends at x. We note that for i ∈ {1, 2} we have

γi(W ) =
∏
a∈W

γi(a) = γi(We)γi(Wf ).

As γ1 is an L1-gaining of Ω, we have that γ1(We), γ1(Wf ) and γ1(W ) =
γ1(We)γ1(Wf ) are in L1, so ϕ(γ1(We))ϕ(γ1(Wf )) = ϕ(γ1(W )). By the in-
duction hypothesis, we have

γ2(We)γ2(Wf ) = ϕ(γ1(We))ϕ(γ1(Wf )).

Putting all of this together, we have that

γ2(W ) = γ2(We)γ2(Wf )

= ϕ(γ1(We))ϕ(γ1(Wf ))

= ϕ(γ1(We)γ1(Wf ))

= ϕ(γ1(W )).

So ϕ distributes over closed simple walks as desired. □

We are now ready to show that γ2 = ϕ◦γ1 is a gaining of Ω = (G,B) over
L2. Consider a simple closed walkW of a cycle C ofG. By the previous claim
we have that γ2(W ) = ϕ(γ1(W )). By Properties (i) and (ii) of Definition 6.1,
we have that ϕ(γ1(W )) is equal to 1L2 precisely when γ1(W ) = 1L1 , which in
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turn is precisely when C ∈ B as γ1 is an L1-gaining of Ω. Thus γ2 is indeed
an L2-gaining of Ω. □

We note however, that a partial-group homomorphism ϕ : L1 → L2 is
likely not necessary for L1-gainability to imply L2-gainability and there may
be more general forms of Lemma 6.8. For comparison, see the lift theorem
for partial fields [21].

We obtain the following as a consequence of Lemma 6.8.

Proposition 6.9. Let L1 and L2 be partial groups that are homomorphically
equivalent. A biased graph Ω is gainable over L1 if and only if it is gainable
over L2.

6.3. Partial product. Let L1 = (Γ1, X1) and L2 = (Γ, X2) be partial
groups. We make the following definition.

Z = {(1Γ1 , 1Γ2)} ∪ {(x1, x2) ∈ X1 ×X2 : x1 ̸= 1Γ1 and x2 ̸= 1Γ2}.
It is not difficult to check that (Γ1 × Γ2, Z) is a partial group with identity
(1Γ1 , 1Γ2). We call this partial group the partial product of L1 and L2, and
denote it L1 ⊗ L2.

Lemma 6.10. Let L1 and L2 be partial groups. A biased graph is gainable
over both L1 and L2 if and only if it is gainable over the partial group L1⊗L2.

Proof. We start with the backward direction. Consider the projection maps

ϕ1 : L1 ⊗ L2 → L1 and ϕ2 : L1 ⊗ L2 → L2,

where for (x1, x2) ∈ L1⊗L2 we have ϕ1(x1, x2) = x1 and ϕ2(x1, x2) = x2. It is
straightforward to verify that these are both partial-group homomorphisms.
By Lemma 6.8, for any L1 ⊗ L2-gaining γ, for i ∈ {1, 2}, we have ϕi ◦ γ is an
Li-gaining. This proves the backward direction.

We now consider the forward direction. Say the biased graph Ω = (G,B)
has L1-gaining γ1 and L2-gaining γ2. We first normalise both along a
spanning forest T . Note if a is an arc of T or the unique circuit in
T ∪ {a} is balanced then both γ1(a) = 1L1 and γ2(a) = 1L2 , while oth-
erwise γ1(a) ∈ L1 − {1L1} and γ2(a) ∈ L2 − {1L2}; so we observe that
(γ1(a), γ2(a)) ∈ L1 ⊗ L2. Consider the map γ : A(G) → L1 ⊗ L2 where for
an arc a, we have γ(a) = (γ1(a), γ2(a)), which by the above is indeed in
L1 ⊗ L2. Consider a simple closed walk W of a cycle C of G. Note that

γ(W ) =
∏
a∈W

(γ1(a), γ2(a)) =

(∏
a∈W

γ1(a),
∏
a∈W

γ2(a)

)
= (γ1(W ), γ2(W )).

As γ1 and γ2 are gainings, when C is a balanced cycle, this is equal to
1L1⊗L2 = (1L1 , 1L2), while if C is not balanced, then

(γ1(W ), γ2(W )) ∈ (L1 − {1L1})× (L2 − {1L2}).
Thus γ(W ) is indeed an element of L1 ⊗ L2 and γ is a L1 ⊗ L2-gaining, as
desired. □
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The next theorem follows from Lemma 6.10.

Theorem 6.11. For any finite set of groups L, there exists a partial group L
such that a biased graph is gainable over each group in L if and only if it is
gainable over L.

Lemma 6.12. If there is a partial-group homomorphism ϕ : L1 → L2, then
the partial product L1 ⊗ L2 is homomorphically equivalent to L1.

Proof. Note we have the homomorphism ψ1 : L1 ⊗ L2 → L1 where
ψ1(x1, x2) = x1 for (x1, x2) ∈ L1 ⊗ L2. Conversely, we have the homo-
morphism ψ2 : L1 → L1 ⊗ L2 where ψ2(x1) = (x1, ϕ(x1)) for x ∈ L1. □

6.4. Regular biased graphs. Recall that a biased graph is regular if it is
Γ-gainable for every non-trivial group Γ. In this section, we consider regular
biased graphs.

Let ⟨α⟩ be the free group generated by the symbol α. We define the
regular partial group to be U1 = (⟨α⟩ , {1, α, α−1}). The following provides
equivalent conditions for regularity; clearly it implies Theorem 1.4.

Theorem 6.13. Let Ω be a biased graph. The following statements are
equivalent.

(i) Ω is regular.
(ii) Ω is U1-gainable.
(iii) Ω is gainable over Z2 and Z3.
(iv) Ω is gainable over Z2 and a non-trivial group with no element of

order two.

Proof. We first show that (ii) implies (i). Let Γ be a non-trivial group.
That is to say, Γ has some non-identity element g ̸= 1Γ. Consider the map
ϕ : U1 → Γ where ϕ(1) = 1Γ, ϕ(α) = g, and ϕ(α−1) = g−1 (note g−1 ̸= 1Γ
but need not be distinct from g). It is straightforward to verify that this is
a partial-group homomorphism; note αα, α−1α−1 /∈ U1, so we do not care
about the value of ϕ(α)ϕ(α) = g2 or ϕ(α−1)ϕ(α−1) = g−2. By Lemma 6.8,
if a biased graph Ω is U1-gainable, then it is indeed also Γ-gainable.

Note that (i) immediately implies (iii) and (iii) immediately implies (iv).
We complete the proof by showing that (iv) implies (ii). Recall Z2 is the
multiplicative group {1, ω} with ω2 = 1. Let Γ be a non-trivial group with
no element of order two. Thus {{g, g−1} : g ∈ Γ − {1Γ}} is a collection
of sets of size two. By choosing one from each of these pairs to be in
A ⊆ Γ − {1Γ} and the other to be in B ⊆ Γ − {1Γ}, we have a partition
(A,B) of Γ− {1Γ} where each element and its inverse are in distinct parts.
Let ψ : Z2 ⊗ Γ → U1 be the map where (1Z2 , 1Γ) 7→ 1U1 and, for any
g ∈ Γ − {1Γ}, we have (ω, g) 7→ α if g ∈ A, while (ω, g) 7→ α−1 if g ∈ B.
Note Properties (i) and (ii) of Definition 6.6 hold for ψ by construction.
Note if (ω, g)(ω, h) = (1Z2 , gh) is in Z2 ⊗ Γ, then h = g−1, so g and h
are in distinct parts of (A,B), in which case {ψ(ω, g), ψ(ω, h)} = {α, α−1},
and so ψ(ω, g)ψ(ω, h) = 1U1 = ψ((ω, g)(ω, h)). It is now straightforward to
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check that Property (iii) of Definition 6.6 also holds for ψ, and ψ is thus a
partial-group homomorphism. Suppose that a biased graph Ω is gainable
over both Z2 and Γ. By Lemma 6.10, we have that Ω is Z2⊗Γ-gainable. As
we have shown ψ to be a homomorphism, by Lemma 6.8, we have that Ω is
U1-gainable. We have thus shown that the four hypotheses of our theorem
are equivalent. □

6.5. Near-regular biased graphs. We say that a biased graph is near-
regular if it is gainable over all groups with size at least three. In this section,
we consider near-regular biased graphs.

Let ⟨α, β⟩ab denote the free abelian group generated by distinct symbols

α and β. Note that because ⟨α, β⟩ab is abelian, any subset that contains
the identity and which is closed under taking inverses will comprise a partial
group. We define the near-regular partial group to be

Uab
2 = (⟨α, β⟩ab, {1, α, α−1, β, β−1, αβ−1, α−1β}).

The following provides equivalent conditions for near-regularity; clearly it
implies Theorem 1.6.

Theorem 6.14. Let Ω be a biased graph. The following statements are
equivalent.

(i) Ω is near-regular.
(ii) Ω is Uab

2 -gainable.
(iii) Ω is Z3-gainable and Z2

2-gainable.

Proof. We first show that (ii) implies (i). Let Γ be a group of size at least
three. That is to say, Γ has distinct non-identity elements g, h ̸= 1Γ. Con-
sider the map ϕ : U1 → Γ where

1Uab
2

7→ 1Γ, α 7→ g, β 7→ h, αβ−1 7→ gh−1,

α−1 7→ g−1, β−1 7→ h−1, α−1β 7→ g−1h.

It is straightforward to verify that this is a partial-group homomorphism; as
g and h are distinct, neither gh−1 nor g−1h are equal to 1Γ. By Lemma 6.8,
if a biased graph Ω is Uab

2 -gainable, then it is indeed also Γ-gainable.
Note that (i) immediately implies (iii).
Finally, we show (iii) implies (ii). We write Z3 = ⟨z | z3 = 1⟩ and

Z2
2 = ⟨x, y | x2 = 1, y2 = 1⟩ab. Let ψ : Z3 ⊗ Z2

2 → Uab
2 be the function where

(1, 1) 7→ 1, (z, x) 7→ α, (z, y) 7→ β−1, (z, xy) 7→ α−1β,
(z2, x) 7→ α−1, (z2, y) 7→ β, (z2, xy) 7→ αβ−1.

It is straightforward to check that ψ is a partial-group homomorphism. We
now suppose that a biased graph Ω is gainable over both Z3 and Z2

2. By
Lemma 6.10, we have that Ω is Z3⊗Z2

2-gainable. Because ψ is a partial-group
homomorphism, by Lemma 6.8, we have that Ω is Uab

2 -gainable. We have
thus shown that the three hypotheses of our theorem are equivalent. □
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6.6. Biased graphs gainable over Z3 and another cyclic group. In
this section, we consider when a biased graph is gainable over Z3 and an-
other cyclic group Zn. Say Z3 = {1, x, x2} and Zn = {1, y, . . . , yn−1}. By
Lemma 6.12, if n is divisible by three, then Z3 ⊗ Zn is homomorphically
equivalent to Z3.

Suppose that n is not divisible by three, so Z3 × Zn
∼= Z3n by Sunzi’s

Theorem. By taking ω = (x, y), we observe that ωi = (xi mod 3, yi mod n), so

Z3 ⊗ Zn = (⟨ω | ω3n = 1⟩, {1} ∪ {ωi | 3 and n do not divide i}).

We consider the example n = 4.

Corollary 6.15. A biased graph is gainable over Z3 and Z4 if and only if
it is S2-gainable where S2 = (⟨α⟩, {1, α, α2, α−1, α−2}).

Proof. By the above discussion,

Z3 ⊗ Z4 = (⟨ω | ω3n = 1⟩, {1, ω, ω2, ω5, ω7, ω10, ω11)}

By taking ω 7→ α, ω2 7→ β and ω7 7→ γ, we find that this is homomorphically
equivalent to

(⟨α, β, γ | α2 = β = γ2⟩ab, {1, α, α−1, β, β−1, γ, γ−1}),

as we only care about products within the partial group. By taking α 7→ α,
β 7→ α2, and γ 7→ α, we have that this is also homomorphically equivalent to
S2 = (⟨α⟩, {1, α, α2, α−1, α−2}). As Z3 ⊗ Z4 is homomorphically equivalent
to S2, the theorem follows immediately from Lemmas 6.8 and 6.10. □

It is easy to see that there is a partial-group homomorphism from S2 to
any group with an element of order at least three. Thus, the above corollary
implies Theorem 1.7.
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