ON THE RELATIVE IMPORTANCE OF EXCLUDED
MINORS

RHIANNON HALL, DILLON MAYHEW, AND STEFAN H. M. VAN ZWAM

ABSTRACT. If £ is a set of matroids, then Ex(E) denotes the set of
matroids that have no minor isomorphic to a member of £. If &' C &,
we say that £ is superfluous if Ex(€ —&’) — Ex(€) contains only finitely
many 3-connected matroids. We determine the superfluous subsets of
six well-known collections of excluded minors.

Dedicated, with affection, to “Mathematician, gone 60, left fox with leg
trouble. (5, 7)”

1. INTRODUCTION

For a set £ of matroids, let Ex(E) be the set of matroids such that M €
Ex(€) if and only if M has no minor isomorphic to a member of £. Thus,
if P = {Usa, F7, F7, M(K33), M(Ks), M*(K33), M*(K5)}, then Ex(P) is
the set of cycle matroids of planar graphs. Hall’s classical theorem on the
graphs without a K3 s-minor [5] can be interpreted as saying that

Ex(P —{M(K5)}) — Ex(P)

contains only a single 3-connected matroid, namely M (Kj) itself. This
motivates the following definition: if £ is a set of matroids, then & C &
is a superfluous subset of & if Ex(& — &) — Ex(E) contains only finitely
many 3-connected matroids. Thus {M(K5)} is a superfluous subset of P.
Obviously every subset of a superfluous subset is itself superfluous. In this
article we determine the superfluous subsets of six well-known collections of
excluded minors.

We will concentrate on the excluded minors for classes of matroids rep-
resentable over partial fields. Partial fields were introduced by Semple and
Whittle [15], prompted by Whittle’s investigation of classes of ternary ma-
troids [20} 21]. A partial field is a pair (R,G), where R is a commutative
ring with identity, and G is a subgroup of the multiplicative group of R,
such that —1 € G. Note that every field, F, can be seen as a partial field,
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(F,F — {0}). For more information on partial fields, and matroid repre-
sentations over them, we refer to [I4]. The reader should know that M is
representable over a partial field if and only if M* is. All undefined ma-
troids appearing in the paper can be found in the appendix of Oxley [10].
We assume that the reader is familiar with the terminology and notation
from that source. We use the terms line and plane to refer to rank-2 and
rank-3 flats of the ground set.

To date, the class of matroids representable over a partial field has been
characterized via excluded minors in only six cases. Those cases are: the
fields GF(2), GF(3), and GF(4), the regular partial field, and two of the
partial fields discovered by Whittle, namely the sixth-roots-of-unity partial
field, and the near-regular partial field. We will determine the superfluous
subsets of all these collections of excluded minors.

First of all, Tutte [19] showed that the only excluded minor for the class
of GF(2)-representable matroids is Uz 4. It is clear that the only superfluous
subset in this case is the empty set. For a more interesting example, we
examine the regular partial field, Uy := (Z, {1, —1}). Tutte also proved that
the set of excluded minors for Ugp-representable matroids is {Us4, F7, F'}.
It is a well-known application of Seymour’s Splitter Theorem [I8] that F7 is
a splitter for the class Ex({Us4, F7'}). The next theorem follows easily from
this fact and the fact that infinitely many binary matroids are not regular.

Theorem 1.1. The only non-empty superfluous subsets of {Uza, Fr, F5}
are {F7} and {F7}. The only 3-connected matroid in Ex({Us4, F7}) —
EX({UQA,F?,F;}) 18 F7.

By duality, the only 3-connected matroid in Ex({Uz4,Fr}) —
Ex({Usu, F7, F'}) is F. From here on we will omit such dual statements.

Next we consider the excluded-minor characterization of GF(3)-
representable matroids, due to Bixby [1] and Seymour [17].

Theorem 1.2. The set of excluded minors for GF(3)-representable matroids
is {Uz5,Us 5, Fr, F7 }.

In this paper we will prove the following:

Theorem  1.3. The only non-empty superfluous subsets of
{Uz5,Us, Fr, F7} are {Fr} and {F;}. The only 3-connected matroid
in Ex({Ua5,Uss, F7'}) — Ex({Us5,Us s, F7, F7}) is Fr.

At this point we should observe that a 3-connected matroid of rank
and corank at least three has a Ups-minor if and only if it has a Uss-
minor (see [L0, Proposition 12.2.15]), so Uz 5 is not superfluous only because
Ex({Uss, Fr, F7'}) — Ex({Us5,Us 5, F7, F5}) contains arbitrarily long lines.
This raises the question if Ex(€ — X)) — Ex(€) is highly structured for other
choices of £ and X C £. For instance, it is possible that there is only a finite
number of internally 4-connected members.

This is certainly not always the case: if all members of £ — {F7, F'} are
non-binary, then Ex(€ — {F7, F7'}) — Ex(&) contains all binary matroids. In
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the remaining cases in this paper we make no attempt to characterize the
full nature of Ex(€ — X) — Ex(€). We focus purely on the finite/infinite
dichotomy captured by the definition of “superfluous”.

The set of excluded minors for GF(4)-representable matroids was deter-
mined by Geelen, Gerards, and Kapoor [3].

Theorem 1.4. The set of excluded minors for the class of GF(4)-
representable matroids is {Usg, Uss, Fr, (F7)*, Ps, Py, Pg }.

Let O be the set of excluded minors in Theorem Geelen, Oxley,
Vertigan, and Whittle showed the following:

Theorem 1.5 ([4, Theorem 1.1)). Let M be a 3-connected matroid. Then
one of the following holds:
(i) M is GF(4)-representable;
(i) M has a minor isomorphic to one of O — {Ps, Pg };
(11i) M is isomorphic to P§ ;
(iv) M is isomorphic to a minor of S(5,6,12).

This implies that {Ps, Pg } is a superfluous subset of 0. We complement
this theorem by showing that it is best possible:

Theorem 1.6. The only superfluous subsets of O are the subsets of
{Ps, P }. The only 3-connected matroids in Ex(O — {Ps, Py }) — Ex(O)
are isomorphic to Pg-, or are minors of S(5,6,12).

Let S := (C,{z € C| 25 = 1}) be the sizth-roots-of-unity partial field, so
that a matroid is S-representable if and only if it is both GF(3)- and GF(4)-
representable. By combining Theorems and Geelen, Gerards, and
Kapoor derived the following result [3, Corollary 1.4].

Theorem 1.7. The set of excluded minors for the class of S-representable
matroids is {U275, U3757 F7, F7*, F7_, (F;)*, Pg}.

Let S be the set of excluded minors in Theorem In this paper we
prove the following:

Theorem 1.8. The only superfluous subsets of S are the subsets of {F7, Ps}
and {F%,Pg}. The only 3-connected matroids in Ex(S — {Fy, Ps}) — Ex(S)
are isomorphic to Fr, or are minors of S(5,6,12).

Let Uy := (Q(a),{#a’(1 — ) | i,j € Z}) be the near-regular partial
field. A matroid is U;-representable if and only if it is representable over
GF(3), GF(4), and GF(5). The next theorem is proved in [6].

Theorem 1.9. The set of excluded minors for the class of Uy-representable
matroids s

{U275, U375, F7, F7*, F7_, (F;)*, AG(Q, 3)\6, (AG(2, 3)\6)*, Ag(AG(2, 3)\6), Ps}.
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The matroid A3(AG(2,3)\e) in this theorem is obtained from AG(2,3)\e
by performing a A-Y exchange on AG(2,3)\e. It is represented over GF(3)
by [I4 A], where A is the following matrix.

5 6 7 8
1 1 0 -1 O
211 0 1 1
(1) A= 311 1 0 1
401 1 -1

Let N be the set featured in Theorem In this paper we prove the
following:

Theorem 1.10. The only superfluous subsets of N are the subsets of
{Fr, AG(2,3)\e, (AG(2,3)\e)"} and {F7,AG(2,3)\e, (AG(2,3)\e)"}.  The
only 3-connected matroids in Ex(N — {F7;,AG(2,3)\e, (AG(2,3)\e)*}) —
Ex(N) are isomorphic to Fr, AG(2,3)\e, (AG(2,3)\e)*, AG(2,3), or
(AG(2,3))*.

The paper is built up as follows. In Section [2| we use Seymour’s Splitter
Theorem to prove that certain subsets are superfluous. To prove that a
subset {M} is not superfluous, we need to generate an infinite number of
3-connected matroids in Ex(€ — {M}) — Ex(E). We do so by the simple
expedient of growing arbitrarily long fans. Section [3] proves the technical
lemmas that allow us to do so. In Section [ we introduce several matroids
to which our method of growing fans will be applied, and in Section [5| we
will round up the results. Note that the proofs in Sections [2| and |4] are finite
case-checks that could be replaced by computer checks. However, at the
moment of writing no sufficiently reliable software for this existed.

2. APPLYING THE SPLITTER THEOREM
The following result is very well-known [10, Proposition 12.2.3].
Proposition 2.1. The matroid Fy is a splitter for the class Ex({Uz 4, F5}).

Our next result, which seems not to be in the literature, proves a gener-
alization of Proposition [2.1]

Theorem 2.2. The matroid Fr is a splitter for the class
EX({U275,U3’5,F;}).

Proof. By Seymour’s Splitter Theorem we only have to check that
F%; has no 3-connected single-element extensions and coextensions in
Ex({Us5,U3 5, F5}). If M is a 3-connected matroid such that M\e = Fy,
then either e is on exactly one line of F7, or e is on no line of F7. In either
case M /e has a Up s-minor.

We may now assume that M is a 3-connected matroid such that M/e = Fy
and M belongs to Ex({Us5,Us 5, F5'}). Let M be the class of matroids that
are either binary or ternary. Now M is a minor-closed class, and its excluded
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minors are determined in [§]. Certainly M is not binary, since that would
lead to a contradiction to Proposition Moreover, M is not ternary,
as it has an Fy-minor. Therefore M is not contained in M. Hence [10,
Theorem 4.1] implies that M contains a 3-connected excluded minor for M.
There are only four such excluded minors, and as M does not have Us 5 or
Us 5 as a minor, M must have as a minor one of the matroids obtained from
the affine geometry AG(3,2) or from Tj9 by relaxing a circuit-hyperplane.
As M has only 8 elements, M must be isomorphic to the unique relaxation
of AG(3,2). But this matroid has an F7-minor ([I0, Page 646]). This
contradiction completes the proof. O

We can make short work of the case in which we do not exclude Ps. Geelen
et al. [4 Theorem 1.5] proved the following result:

Theorem 23. If M s a  3-connected matroid mn
Ex({Uz6,Usp, Ps, Fr, (F7)*}), and M has a Pg-minor, then M is a
minor of S(5,6,12).

Since each of Uz g, Uy 6, and P has a minor in {Us 5, Us 5}, we immediately
have

Corollary 24. If M 18 a  3-connected  matroid  in
Ex({Us5,U3 5, F7 , (F7)*}), and M has a Pz-minor, then M is a mi-
nor of S(5,6,12).

Next, we determine what happens if we do not exclude AG(2,3)\e. Our
starting point is the automorphism group of AG(2,3)\e. Note that it is
transitive on elements of the ground set ([10, Page 653]). For each element
p in AG(2,3)\e, there is a unique element p’ such that p and p’ are not on
a 3-point line of AG(2,3)\e. Any automorphism will map {p, p'} to another
such pair, so specifying the image of p also specifies the image of p’. Consider
automorphisms of the diagram in Figure [1| that point-wise fix 1 and 8. It is
easy to confirm that the permutations below (presented in cyclic notation),

(2) (1)(2,4)(3,7)(5,6)(8)

and
(3) (1)(2,3,5)(4,6,7)(8)

are two such automorphisms. The next result follows easily from this dis-
cussion.

Lemma 2.5. Let p and p' be points in AG(2,3)\e such that there is no
3-point line containing p and p’. The subgroup of the automorphism group
of AG(2,3)\e that point-wise fizes p and p’ is transitive on E(AG(2,3)\e) —
{p,p'}.

We wish to find automorphisms mapping a basis B to a basis B’. This
cannot be done for arbitrary bases B and B’, but the following lemma gives
sufficient conditions for the automorphism to exist.
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1 2
4

8 6 5
7 3

FIGURE 1. The matroid AG(2,3)\e.

Lemma 2.6. Let B and B’ be bases of AG(2,3)\e such that every pair p,q €
B, and every pair k,l € B’ spans a 3-point line. There is an automorphism
of AG(2,3)\e mapping B to B'.

Proof. If z is any element of AG(2, 3)\e, then let 2’ be the point that is in no
3-point line with . Let B = {p, ¢,r}. The hypotheses of the lemma imply
that [{p,q,7,p',¢',7"}| = 6. Let epq be the unique point such that {p, ¢, epq}
is a circuit. Define e,, and e, symmetrically. Then |{p, q,r, epq, €pr, €qr }| =
6. As AG(2,3)\e has only 8 points, we can relabel as necessary, and assume
eqr is in {p/, ¢/, 7'}. Since ey is in a non-trivial line with ¢ and r, it follows
that eq = p/, so that {p, ¢, 7} is a circuit. Let B’ = {k,[,m}. By relabeling
and using the same arguments, we can assume that {k¥’,1,m} is a 3-point
line of AG(2,3)\e.

Consider the automorphism that maps k to p. It must map &’ to p’. By
composing this automorphism with an automorphism that fixes p and p/,
and referring to Lemma [2.5] we can assume that [ is mapped to ¢. But an
automorphism maps lines to lines, so then m must be mapped to r, and the
result follows. O

In the proof of the next lemma we will show several times that a matroid
M = MII A] is isomorphic to one of A3z(AG(2,3)\e), P, F; , or (F7)*.
Unless the isomorphism is obvious (i.e. one merely needs to permute rows
and columns), we will specify which isomorphism we use. For this we use the
representation of A3(AG(2,3)\e) with elements labeled as in Equation (1]).
Moreover, we will label the elements of P, Fr, (F; )* so that Py = [I4 Ag],
Fo = [I3 A7], and (F;)* = [-Al L], where A7 and Ag are the following
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matrices over GF(3).

8
-1

Ag = A7 =

— = O
—_ =0 = o
R O K~ 3
[SUR I
O = =
— O =
= =0 o
—_ = =

1
2 1
3 1
4 | -1 0
Lemma 2.7. Let M be a 3-connected S-representable matroid such that
M/f = AG(2,3)\e for some f € E(M). Then M has A3(AG(2,3)\e) as

minor.
Proof. Suppose that M is a counterexample. Let M’ := M\ f.

Claim 2.7.1. There exists a set X C E(M) — f such that |X| = 5 and
r(X)=3.

Proof. Suppose M’ has no 5-point planes. First we show that M’ has no
3-point lines. Observe that each line of M’ is a line of AG(2, 3)\e, so M’ has
no 4-point lines. Suppose {z,y, z} is a line of M’. If x is on another 3-point
line, then the union of those lines would be a 5-point plane, a contradiction.
It follows that M’/z\y is simple. Furthermore, z is in no 3-point line in
M'/x\y, or else the union of this line with {z,y} is a 5-point plane in M.
Therefore M'/xz\y/z is simple, has rank 2, and has 5 points. Therefore M’
has a U s-minor, which is impossible since it is S-representable. Hence M’
has no 3-point lines.

Let e be an arbitrary point in E(M’). Then M’/e is a simple rank-3
matroid with 7 points. Since M’ has no 5-point planes, M’/e has no 4-point
lines. Hence M’/e cannot be the union of two lines, so it is 3-connected.
Then M’/e is isomorphic to one of the matroids Fy, F,, Pr, or O7 (see [3,
Page 292]). Since M’/e is S-representable, it is not isomorphic to Fy or F, .
Furthermore, O7 has a 4-point line restriction, so M’/e must be isomorphic
to P;. By the uniqueness of representation over GF(3), we can assume that
the following GF(3)-matrix A’ is such that M' = [I, A'].

4 5 6 7

111 0 -1

, 201 01 1
A'_3 0 1 1 1
e o B Y 1)

As M’ has no 3-point lines, all of «, 3, and ~ are non-zero. By scaling
the row labeled e, we assume that a = 1. Also, v # ¢ as {1,6,7} is not a
triangle.

If 5 =1, then v # 1, or else M\7 = (F")*. Therefore v = —1. If § = 0,
then A’ represents Pg, which is impossible as M is GF(4)-representable.
Therefore 6 = 1. By the discussion above, M'/1 = P;. But in M'/1,
the sets {2,4,¢e}, {3,5,e}, and {6,7,e} are triangles containing e, whereas
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{3,5,¢e},{4,5,6}, and {2,5,7} are triangles containing 5. This is a contra-
diction, since Pr has only one element that is on three lines. Therefore
B = —1. It follows that § # 0, or else {4, 5,7} is a triangle of M.

Assume that v = —1, from which it follows that 6 = 1. Then we find that
M’ = Py, with isomorphism

1-1 252 355 457 5258 6—-3 7—6 e—4.

Therefore we must have v = 1, and hence § = —1. But then again M’ = P,
with isomorphism

1—-1 2—-5 353 458 556 6—2 7T—7 e—4.

From this final contradiction we conclude that the claim holds. O

Let X be a set of 5 points of a plane of M’, and Y := E(M’) — X. Note
that f ¢ clp(X), as M/ f has no rank-2 flat with 5 elements.

Since M/ f is isomorphic to AG(2,3)\e, we can distinguish three cases.
Either Y is a 3-point line of M/ f; or Y is a basis of M/ f, and every pair of
elements of Y spans a 3-point line in M/ f; or Y is a basis of M/ f, and there
is exactly one pair of elements in Y that does not span a 3-point line of M/ f.
We can use Lemmas [2.5] and [2.6] and the fact that the automorphism group
of AG(2,3)\e is transitive on 3-point lines ([I0, Page 653]), and thereby
assume that either Y = {4,6,7} or Y = {4,6,8} or Y = {4,5,6}, where the
elements of AG(2,3)\e are labeled as in Figure

Case I. Suppose Y = {4,6,7}, so that X = {1,2,3,5,8}. Since f is not
a coloop and not in a series pair, there are two elements in Y that are
not spanned by X in M’. Let o be the automorphism in Equation ,
so that Y is an orbit of o. There is some i € {0,1,2} such that o' takes
the two elements in Y — cly;/(X) to {4,6}. Now o' induces a relabeling of
the elements of M’ that set-wise fixes X. After applying this relabeling,
M/ f is still equal to AG(2,3)\e, as labeled in Figure Moreover, X is
a 5-point plane of M’ that does not contain 4 or 6. By the uniqueness
of representations over GF(3) we can assume that M = M[I A] for some
GF(3)-matrix of the form

8
0
1
A= 1

[T I R
O = = = s
——_O O
O, Q o
[

3
o =

-1
with o # 0. If & = 1 then M\{5,7} = (F, )*, with isomorphism
1—-5 27 3—-6 4—-4 6—-2 8—>3 f—1.

Hence @ = —1. But now M\7 = A3(AG(2,3)\e). This completes the
analysis in Case I.

From now on, we assume that Y is not a triangle of M/f. We will also
assume that if X spans an element y € Y, then there is no triangle 7" of M/ f
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that contains Y — y. To justify this assumption, note that if y € clyy(X),
then (Y —y)Uf must be a triad of M, so that r3;(XUy) = 3. Furthermore, Y’
is not a triangle in M/ f, so T contains exactly one element of X. Therefore,
if T exists, we can replace X with (X —T) Uy, and replace Y with 7', and
reduce to Case L.

Case II. Suppose Y = {4,6,8}. Since any pair of elements from {4, 6,8} is
in a triangle of M/f, we can assume that X spans no element of Y, by the
argument in the previous paragraph. Hence we have M = M[I A] for some
GF(3)-matrix of the form

4 5 6 7 8
fl11 0 o 0 p
1 1 01 1 1
A= 2 11 0 -1 1 ’
3 (01 1 -1 -1

where o and (3 are non-zero.

If (a, B) = (1,1), then M\5 = A3(AG(2,3)\e), with isomorphism
1.1 252 3—-4 4—-3 6—-8 7T—-7 8—=6 f—5.
If (o, ) = (1,—1), then M\5 = Ps, with isomorphism
1-2 253 3—4 456 61 7T—>5 8—=8 [f—=7T,

contradicting GF (4)-representability of M.

If (o, B) = (—1,1), then M/1\5 = F", with isomorphism

2—+2 3—-3 4—-1 67 7T—6 8—=5 f—4.
If (a, B) = (—1,—1), then M\5 = A3(AG(2,3)\e), with isomorphism
1-2 257 3—-5 454 6—-3 7T—-6 8—=8 f—1

Thus M has a A3z(AG(2,3)\e)-minor.
Case III. Suppose Y = {4,5,6}. Since {4,6,7} and {5,6,8} are triangles
of M/ f, we assume that neither 4 nor 5 is in the span of X, by the argument

immediately preceding Case II. Hence M = M|[I A] for some GF(3)-matrix
of the form

4 5 6 7 8
fl11 a8 0 0
1 1 0 1 1 1
A= 2 1 1 0 -1 1 ’
30 1 1 —1 -1

where a # 0. If & = 1 then M\{6,8} = (F, )*, with isomorphism
1—-5 256 357 451 554 73 f—2
Therefore & = —1. But now M\6 = A3(AG(2,3)\e), with isomorphism
1-8 2253 3—-2 457 51 7T—4 8—=6 [f—5.
The result follows. g
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We must now study coextensions of AG(2,3). Luckily our previous anal-
ysis can be used for this.

Lemma 2.8. Let M be a 3-connected S-representable matroid such that
M/f = AG(2,3) for some f € E(M). Then M has an element g # f such
that M\g is 3-connected.

Proof. Let M be as stated, and suppose the result is false, so for each element
g # f, M\g is not 3-connected. Since M\g/f is 3-connected, g must be in
a triad with f. Two distinct triads 77 and 75, both containing f, intersect
only in f, or else M/f = AG(2,3) has a triad. From this we find that
M\ f can be partitioned into series pairs. However, this matroid has an odd
number of elements, a contradiction. O

Corollary 2.9. Let M be a 3-connected S-representable matroid such that
M/f = AG(2,3) for some f € E(M). Then M has A3z(AG(2,3)\e) as

minor.

Proof. Let g be an element as in Lemma Then M\g is a matroid
satisfying all the conditions of Lemma and the result follows. ([l

Now we combine the previous results and the Splitter Theorem to prove
the following theorem.

Theorem 2.10. Let M be a 3-connected matroid in
Ex({Uaps,Us s, Fr, F7, Fo L (F7 )", A3(AG(2,3)\e), Ps}).

Then either M is near-reqular, or one of M and M* is isomorphic to a

member of {AG(2,3)\e, AG(2,3)}.

Proof. By the excluded-minor characterization of S-representable matroids
(Theorem , it follows that M is S-representable. We assume that M
is not Uj-representable. Then Theorem implies that M has a minor
isomorphic to AG(2, 3)\e or its dual. By duality, we assume that M has an
AG(2,3)\e-minor. If M = AG(2,3)\e, we are done, so we assume otherwise.
By Seymour’s Splitter Theorem, M has a 3-connected minor M’, such that
M’ is a single-element extension or coextension of AG(2,3)\e. Lemma
implies that M’ is a single-element extension of AG(2,3)\e. Thus M’ is
simple and r(M’) = 3. Moreover |[E(M')| =9, so [12, Theorem 2.1] implies
that M’ = AG(2,3). If M = M’', we are done, so we assume that M has
a 3-connected minor M” such that M” is a single-element extension or
coextension of AG(2,3). But r(M") > 3, or else we have contradicted [12]
Theorem 2.1]. Therefore M"/f = AG(2,3), for some element f. Corollary
implies that M” has a A3(AG(2,3)\e)-minor, a contradiction. O

3. CREATING BIGGER FANS

In this section we prove two results that allow us to replace a fan by a
bigger fan while keeping a certain minor N, without losing 3-connectivity,
and without introducing an undesired minor N’ (subject to the conditions
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that N’ is 3-connected and has no 4-element fans). We will use Brylawski’s
generalized parallel connection [2] for this. We refer the reader to Oxley
[10, Section 11.4] for definitions and elementary properties, including the
following:

Lemma 3.1. Let M and N be matroids having a common restriction with
ground set T, such that T is a modular flat of N. Let M' := Pp(N, M).
(i) A subset F C E(M') is a flat of M' if and only if FNE(N) is a
flat of N and FNE(M) is a flat of M;
(ii) M'|E(N) = N and M'|E(M) = M;
(iii) If e € E(N) — T then M'\e = Pr(N\e, M);
(iv) If e € E(N) — cln(T) then M'/e = Pr(N/e,M);
(v) If e € E(M) —T then M'\e = Pp(N, M\e);
(vi) If e € E(M) — clp(T') then M'/e = Pr(N, M]/e).

Let M be a matroid on the ground set E. A subset of E is fully closed
if it is closed in M and M*. If X C FE, then fcl(X) is the intersection of
all fully closed sets that contain X. We can obtain fcl(X) by applying the
closure operator to X, applying the coclosure operator to the result, and so
on, until we cease to add any new elements. We omit the elementary proof
of the following lemma.

Lemma 3.2. Let M be a simple, cosimple, connected matroid, and let (A, B)
be a 2-separation of M. Then (fclps(A), B — fclpr(A)) is a 2-separation.

Definition 3.3. Let M be a matroid, and F = (z1,x2,...,2)) an ordered
subset of E(M), with & > 3. We say F is a fan of M if, for all i €
{1,...,k =2}, T; := {w;,x11, 242} is either a triangle or a triad, and if T;
is a triad, then T;;1 is a triangle; if T} is a triangle then T;,1 is a triad.

Assume that F' = (x1,...,2%) is a fan. Then F' is a fan of M*. We say
that F' is a mazimal fan if there is no fan (yp,...,y;) such that [ > k and
{z1,...,2r} C{y1,..., i} We say x; is a rim element if 1 < i < k and
x; is contained in exactly one triangle that is contained in {z1,...,z;}, or
if i € {1,k} and z; is contained in no such triangle. We say z; is a spoke
element if it is not a rim element. The following is an easy consequence of
Lemma 3.2

Lemma 3.4. Let M be a simple, cosimple, connected matroid, let F' =
(x1,...,x) be a fan of M, and let (A, B) be a 2-separation of M. Then M
has a 2-separation (A', B') with {x1,...,z;} C A’.

In what follows, the elements of the wheel M(W,,) and whirl W™ are

labeled {s1,71, $2, .- ., Sn, "n} Where, for all indices i (interpreted modulo n),
{si, 74, 8i+1} 1s a triangle and {r;, $;41,7;+1} is a triad. Hence, {s1,...,s,}
is the set of spokes and {ry,...,r,} is the set of rim elements.

Theorem 3.5. Let M be a 3-connected matroid, and let F = (x1,...,zk)
be a fan of M with T := {x1,x2,23} a triangle. Let n > 3 be an integer,
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and relabel the elements s1, T, Sn of M(Wy) by x1, x2, x3, in that order.
Let M' .= Pp(M (W), M), and M" := M"\xa. Then M" has the following
properties:
(1) (T1,71,82,72, .+ Sn—1,Tn—1,T3,--.,Tk) is a fan of M";
(i1) M is isomorphic to a minor of M", with the isomorphism fizing all
elements but xo; and
(111) M" is 3-connected.

Proof. Let M, F, T, n, M’, and M" be as stated, and define N := M (W,,).
Since T' is a modular flat of N, we know M’ = Pr(N, M) is defined. It follows
from Lemma 3.1|that (s1,71,...,Sn—1,7n—1, Sn) is a fan of M’ and of M". If
k = 3, then (i#) holds. If k > 4, then we only need to show that {r,_1, sn, x4}
is a triad of M”. Consider H := E(M') —{rp—1, $n,Tn,x4}. Since HNE(N)
and H N E(M) are hyperplanes of their respective matroids, H is a flat
of M'. Since clyy(H U sy,) = E(M'), it follows that {r,_1, Sn, n, 24} is a
cocircuit of M’. But then {r,_1, sn, 24} is a cocircuit of M", as desired.
Statement is a straightforward consequence of Lemma Statement
follows immediately from [13], Corollary 2.8]. O

We will denote the matroid M”, as described in the statement of Theorem
by X7 (M). Theorem (3.5 shows that we can make a fan arbitrarily long
while keeping 3-connectivity. Our next task is to show that we can do so
without introducing certain minors. The following lemma, whose elementary
proof we omit, will be useful:

Lemma 3.6. Let N be a 3-connected matroid without 4-element fans. Let
M be a 3-connected matroid having N as minor, and let F' be a 4-element
fan of M. Then |FNE(N)| < 3.

Recall that if T" is a coindependent triangle of the matroid M, then Ar (M)
is the matroid obtained from M by a A-Y exchange (see [10, Section 11.5]).

Theorem 3.7. Let N be a 3-connected matroid with no 4-element fan. Let
M be a 3-connected matroid with at least 5 elements that does not have an
N-minor. Let F = (z1,...,x1) be a fan of M, where T := {x1,x2,23} is a
triangle, and let n > 3 be an integer. If X (M) has an N-minor, then so
does Ap(M).

Proof. We will assume that n > 3 has been chosen so that it is as small as
possible, subject to the condition that X'.(M) has an N-minor. Let N’ be
a minor of X7.(M) that is isomorphic to N.

First assume that n > 4. Since {r1, s2, r2, s3} is a 4-element fan of X7.(M),
it follows from Lemma that this set is not contained in E(N). We
claim that X7 (M)/r1\s2 has an N-minor. Assume this is not the case. If
X'7(M)/r1 has an N-minor, then, as {s1, s2} is a parallel pair, X7 (M)/r1\s2
has an N-minor. Therefore X7.(M)/r; does not have an N-minor. Similarly,
{r1,72} is a series pair in X7 (M )\ s2, so we assume that X7 (M )\ sz has no N-
minor. As {sg, s3} is a parallel pair in X'.(M)/r2, this means that X7 (M)/ro
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has no N-minor. Moreover, {72, 73} is a series pair in X.(M)\s3, so this
matroid does not have an N-minor. As {sg, 72} is a series pair in X7 (M)\rq,
and we concluded that X'.(M)/re has no N-minor, neither does X'7.(M)\r;.
Since {r1,s1} is a parallel pair in X'}.(M)/s2, and deleting r destroys all
N-minors, X7 (M)/s2 has no N-minor. Deleting ra creates the series pair
{r1,s2}, and contracting r; destroys all N-minors, so X'.(M)\r2 does not
have an N-minor. Lastly, contracting ss creates the parallel pair {so,r2},
so X'.(M)/ss does not have an N-minor, or else X'.(M)\s2 does. From
this discussion, we conclude that {ry, s2, 72,53} C E(N'), contradicting our
earlier conclusion. Therefore X'.(M)/r1\s2 has an N-minor.

Since contracting r; and deleting sy from M(W,,) produces a copy of
M (W 1), it follows easily from Lemma [3.1|that I'}.(M)/r1\s is isomorphic
to X7 !(M). Thus our assumption on the minimality of n is contradicted.
Now we must assume that n = 3.

If {r1,s2,72} € E(N'), then it is readily seen that M has an N-minor,
contrary to hypothesis. It follows that {ry, se,r2} C E(N').

Since N’ has no 4-element fans, s; ¢ E(N’). Then we must have that
N’ is a minor of K}(M)\s;. Likewise, N’ is a minor of X}.(M)\s3. So
N’ is a minor of Pp(M(Ws), M)\T. Since |E(M)| > 5, any triangle of
M is coindependent ([10, Lemma 8.7.5]). Therefore Pp(M(Ws), M\T is
isomorphic to Ap(M), and we are done. ]

4. INFINITE FAMILIES

In this section we describe a collection of matroids to which we can apply
our operation of growing fans. Recall that O, S, and N, respectively, denote
the sets of excluded minors for GF(4)-representable, sixth-roots-of-unity,
and near-regular matroids, as listed in Theorems and

Let Mg be the rank-3 matroid shown in Figure[2] Then Mg is represented
over GF(3) by [I3 A], where A is the following matrix.

4 5 6 7 8
1|11 101 O
2 (1 011 1
310111 -1

Lemma 4.1. Let T be the triangle {3,6,8} of Mg. If n > 3 is an integer,
then X (Mg) is 3-connected, and has an F; -minor but no minor in (O U

SUN) —{F;}.

Proof. Clearly Mg is 3-connected, and Mg\8 is isomorphic to F-. By The-
orem then, X7.(Mjg) is 3-connected and has an F. -minor for any n > 3.

Now assume that X}.(Mzg) has a minor in (OUSUN) — {F; }. Therefore
either Mg or Ap(Ms) has such a minor, by Theorem (3.7} By observing that
Mg and Ap(Mg) are both ternary, considering ranks, and counting triangles,
we can rule out minors isomorphic to Us ¢, Use, FPs, Pg , Uas, Us s, F7, F7,
(AG(2,3)\e)*, Ps, AG(2,3)\e, and A3(AG(2,3)\e).
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1

FIGURE 2. Geometric representation of Mg.

The only matroid left to check is (F7)*. Obviously Mg does not have
an (F, )*-minor. Assume that Ap(Mg) does. As (F; )* has no triangles,
A7 (Mg)\2 must be isomorphic to (F; )*. Now {3,6,8} is a triad of this
matroid, and performing a Y-A exchange on this triad should produce a
copy of Fi . Instead it produces a copy of Mg\2, which contains disjoint
triangles, and is therefore not isomorphic to F; . U

Let My be the matroid represented by [I4 A] over GF(3), where A is the
following matrix.

5 6 7 8 9
1|10 -1 0 1
2 (1 0 1 1 1
3|11 1 0 1 0
4101 1 -1 0

Then My is represented by the geometric diagram in Figure

5

FIGURE 3. Geometric representation of My.
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Lemma 4.2. Let T be the triangle {3,5,9} of My. If n > 3 is an inte-
ger, then X} (My) is 3-connected, and has an A3(AG(2,3)\e)-minor, but no
minor in N — {A3(AG(2,3)\e)}.

Proof. Note that My is 3-connected and ternary, and My\9 =
A3(AG(2,3)\e), so by Theorems and it suffices to check that nei-
ther Mg nor Ap(My) has a minor isomorphic to one of F., (F;)*, P,
AG(2,3)\e, or (AG(2,3)\e)*.

In My/7, the sets {3,5,8,9} and {1,2,4,9} are 4-point lines. Therefore
any 7-element restriction of My/7 has either a 4-point line or two disjoint
triangles. It follows that Mg/7 has no minor in N. Similarly Mg/8 has no
minor in N.

The triangles of My are {1,2,9}, {3,5,9}, and {3,4,6}. It follows easily
that every 8-element restriction of Mg contains at least one triangle, so My
does not have Pg as minor. The rank of My is too low to have (AG(2, 3)\e)*
as minor. Suppose My has AG(2,3)\e as minor. We need to contract one
element. But this cannot be on a 3-point line, and elements 7 and 8 were
ruled out above.

Suppose My has a (£ )*-minor. To obtain this minor we must delete two
elements so that no triangles remain. Deleting 9 gives us A3(AG(2,3)\e)
again, so we must delete 3 and one of {1,2}. But My\{1,3} has disjoint
triads {2,4,6} and {5,7,9}, whereas My\{2,3} has disjoint triads {1,7,8}
and {4,5,9}. Hence neither is isomorphic to (F )*.

Therefore we assume that My has an F, -minor. We must contract a single
element from Mg, and then delete a single element to obtain a copy of F, . If
we contract either 3 or 9, then we produce two disjoint parallel pairs, which
cannot be rectified with a single deletion. If we contract one of 1, 2, 4, or 6
then we create a single parallel pair, so up to isomorphism we must delete,
respectively, 2, 1, 6, or 4 to obtain a copy of F;,. But in these minors, the
triangle {3, 5,9} is disjoint from, respectively, the triangles {6, 7,8}, {4, 6,8},
{1,2,7}, and {1,7,8}. If we contract 5, then up to isomorphism we must
delete 3 to obtain a copy of F,~, but in this minor {1,4,8} and {2,6,7} are
disjoint triangles. Thus My does not have a minor in N'—{A3(AG(2,3)\e)}.

Assume that Ap(My) has a minor N’ that is isomorphic to a ternary
member of N' — {A3(AG(2,3)\e)}. If T ¢ E(N’'), then an element z €
T is contracted to obtain N'. But Ap(Mg)/x = My\z, by [1I, Lemma
2.13], and we are back in the previous case. Hence T is a triad of N’, and
therefore N’ is isomorphic to (F; )* or (AG(2,3)\e)*. It follows easily from
[11], Corollary 2.17] and Seymour’s Splitter Theorem, that V(N') is a minor
of Vp(Ap(Myg)) = My. If N' = (F;)*, then Vp(N) = F,, and this leads
to a contradiction. Therefore N' = (AG(2,3)\e)*. The definition of Y-A
exchange implies that Vp(N') = (A3(AG(2,3)\e))*. But A3(AG(2,3)\e)
is a self-dual matroid, so Mg has a minor isomorphic to A3(AG(2,3)\e)
that contains {3,5,9} in its ground set. To obtain this minor, we must
delete a single element, but in each case the result has two triangles, namely
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{3,5,9} and at least one of {1,2,9} and {3,4,6}. This is a contradiction as
A3(AG(2,3)\e) has only one triangle. O

For a third infinite class, consider the following matrix, A, over GF(8).
Here a is an element that satisfies a® + o+ 1 = 0. Let M7 be [I3 A]. A
geometric representation of My can be found in Figure [

4 5 6 7
1 1 1 0 1
2 1 01 «
3 01 a o?
1
4 5
2 6 3

FIGURE 4. Geometric representation of Mr.

Lemma 4.3. Let T be the triangle {1,2,4} of M7. If n > 3 is an integer,
then W' (M) is 3-connected, and has a Ps-minor, but no minor in O —{Fs}.

The proof is again a straightforward check and we skip it.

5. PROOFS OF THE MAIN RESULTS

Proof of Theorem[L.1l If M € Ex({Uza, F5}) — Ex({Us4, F7, F¥}) is 3-
connected, then M has an Fr-minor, and Proposition [2.1] implies that M is
isomorphic to Fy. Therefore {F7} is certainly superfluous. Dually, {F7} is
superfluous. Since Ex({F7, F¥})—Ex({Us4, F7, F7 }) contains all non-binary
rank-2 uniform matroids, {Us 4} is contained in no superfluous subset. Sim-
ilarly, Ex({U2.4}) — Ex({U2.4, F7, F5'}) contains all binary projective geome-
tries. Therefore {F7, F¥} is contained in no superfluous subset. The result
follows. O

Proof of Theorem [1.3] Theorem implies that the only 3-connected ma-
troid in EX({U275, U375,F7*}) - EX({U275, U3,5,F7,F7*}) is F7 itself. Thus
{F7} and, by duality, {F7} are superfluous subsets. On the other hand,
Ex({Uss, Fr, F7}) — Ex({Ua5,Us 5, F7, F7}) contains all the non-ternary
rank-2 uniform matroids, so {Us 5} and, by duality, {Us s} is not contained
in any superfluous subset. Finally, Ex({Us5,Us5}) —Ex({Ua5,Uss, F7, F7})
contains all binary projective geometries, so { F7, F7'} is not superfluous. [
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Proof of Theorem [1.6] Theorem implies that if M is a 3-connected ma-
troid in Ex(O —{Ps, P5 }) — Ex(O), then M is isomorphic to Pg- or a minor
of S(5,6,12). Thus {Ps, Pg } is superfluous. As Ex(O — {Uz6}) — Ex(O)
contains all rank-2 uniform matroids with at least 6 elements, {Us 6}, and by
duality {Use}, is not contained in any superfluous subset. By Lemma
the set Ex(O —{F, }) —Ex(O) contains all matroids of the form X1.(Mj), so
{F7}, and by duality {(F- )*}, is not contained in any superfluous subset.
Finally, Lemma shows that Ex(O — {Fs}) — Ex(O) contains an infinite
number of 3-connected matroids, so { P} is not contained in any superfluous
subset. g

Proof of Theorem[1.§ Let M be a 3-connected matroid in Ex(S —
{F7,Ps}) — Ex(S). If M has an Fr-minor, then Theorem implies that
M = F;. Hence we assume that M does not have an Fr-minor, so that
M has a Pg-minor. Corollary says that M is a minor of S(5,6,12).
Therefore {F7, Pg}, and by duality {F7, P}, is superfluous. However,
Ex(S — {Us5}) — Ex(S) contains infinitely many uniform matroids, and
Ex(S — {F; }) — Ex(S) contains all matroids of the form X7.(Mg). Dual-
ity implies that none of {Uss}, {Uss}, {F5 }, {(F, )*} is contained in a
superfluous subset. Finally, Ex(S — {F7, F7'}) — Ex(S) contains all binary
projective geometries, so { F7, F5'} is contained in no superfluous subset. [J

Proof of Theorem|1.10] Let M be a 3-connected matroid in
Ex(V — {F7, AG(2,3)\e, (AG(2,3)\¢e)"}) — Ex(N).

If M has an Fr-minor, then Theorem implies that M = F;. Otherwise
Theorem says that M is isomorphic to AG(2,3)\e, AG(2,3), or the
dual of one of these matroids. Therefore {F7, AG(2,3)\e, (AG(2,3)\e)*},
and by duality {F7, AG(2,3)\e, (AG(2,3)\e)*}, is superfluous. As Ex(N —
{U25}) — Ex(N) contains infinitely many uniform matroids, and Ex(N —
{F7}) — Ex(N) contains all matroids of the form X'}.(Mg), none of {Us 5},
{Uss}, {F7}, {(F7)*} is contained in a superfluous subset. Moreover,
Ex(N — {A3(AG(2,3)\e)}) — Ex(N) contains all matroids of the form
X'(My), by Lemma Therefore {A3(AG(2,3)\e)} is contained in no
superfluous subset. Again, we observe that Ex(N — {Fy, F5}) — Ex(N)
contains infinitely many binary matroids, so the proof is complete. U

Acknowledgements. Before writing our proofs we experimented to un-
cover the truth. These experiments were done using the MACEK software
by Hlineny [7], and occasionally we queried Mayhew and Royle’s database
of small matroids [9].

REFERENCES

[1] R. E. Bixby, On Reid’s characterization of the ternary matroids, J. Combin. Theory
Ser. B 26 (1979) 174-204.

[2] T. Brylawski, Modular constructions for combinatorial geometries, Trans. Amer.
Math. Soc. 203 (1975) 1-44.



18
3]
(4]
(5]
(6]
(7l
(8]
(9]

[10]
(11]

(12]
(13]
(14]
(15]

[16]

(17]
(18]
(19]
20]

(21]

HALL, MAYHEW, AND VAN ZWAM

J. F. Geelen, A. M. H. Gerards, A. Kapoor, The excluded minors for GF(4)-
representable matroids, J. Combin. Theory Ser. B 79 (2000) 247-299.

J. F. Geelen, J. G. Oxley, D. L. Vertigan, G. P. Whittle, On the excluded minors for
quaternary matroids, J. Combin. Theory Ser. B 80 (2000) 57-68.

D. W. Hall, A note on primitive skew curves, Bull. Amer. Math. Soc. 49 (1943)
935-936.

R. Hall, D. Mayhew, S. H. M. van Zwam, The excluded minors for near-regular
matroids, European J. Combin. 32 (2011) 802-830.

P. Hlinény, Using a computer in matroid theory research, Acta Univ. M. Belii Ser.
Math. (2004) 27-44.

D. Mayhew, B. Oporowski, J. Oxley, G. Whittle, The excluded minors for the class
of matroids that are binary or ternary, European J. Combin. 32 (2011) 891-930.

D. Mayhew, G. F. Royle, Matroids with nine elements, J. Combin. Theory Ser. B 98
(2008) 415-431.

J. Oxley, Matroid theory, Oxford University Press, New York, second edition (2011).
J. Oxley, C. Semple, D. Vertigan, Generalized A-Y exchange and k-regular matroids,
J. Combin. Theory Ser. B 79 (2000) 1-65.

J. Oxley, D. Vertigan, G. Whittle, On maximum-sized near-regular and +/1-matroids,
Graphs and Combinatorics 14 (1998) 163-179.

J. Oxley, H. Wu, On the structure of 3-connected matroids and graphs, European J.
Combin. 21 (2000) 667—688.

R. A. Pendavingh, S. H. M. van Zwam, Lifts of matroid representations over partial
fields, J. Combin. Theory Ser. B 100 (2010) 36-67.

C. Semple, G. Whittle, Partial fields and matroid representation, Adv. in Appl. Math.
17 (1996) 184-208.

C. Semple, G. Whittle, On representable matroids having neither Uz 5- nor Us s-
minors, in Matroid theory (Seattle, WA, 1995), volume 197 of Contemp. Math., pp.
377-386. Amer. Math. Soc., Providence, RI (1996).

P. D. Seymour, Matroid representation over GF(3), J. Combin. Theory Ser. B 26
(1979) 159-173.

P. D. Seymour, Decomposition of regular matroids, J. Combin. Theory Ser. B 28
(1980) 305-359.

W. T. Tutte, A homotopy theorem for matroids. I, IT, Trans. Amer. Math. Soc. 838
(1958) 144-174.

G. Whittle, A characterisation of the matroids representable over GF(3) and the
rationals, J. Combin. Theory Ser. B 65 (1995) 222-261.

G. Whittle, On matroids representable over GF(3) and other fields, Trans. Amer.
Math. Soc. 349 (1997) 579-603.

SCHOOL OF INFORMATION SYSTEMS, COMPUTING AND MATHEMATICS, BRUNEL UNI-
VERSITY, UXBRIDGE UB8 3PH, UNITED KINGDOM
E-mail address: rhiannon.hall@brunel.ac.uk

SCHOOL OF MATHEMATICS, STATISTICS, AND OPERATIONS RESEARCH, VICTORIA UNI-
VERSITY OF WELLINGTON, NEW ZEALAND
E-mail address: dillon.mayhew@msor.vuw.ac.nz

DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY, UNITED STATES
E-mail address: svanzwam@math.princeton.edu



	1. Introduction
	2. Applying the splitter theorem
	Case I
	Case II
	Case III

	3. Creating bigger fans
	4. Infinite families
	5. Proofs of the main results
	Acknowledgements.

	References

