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ABSTRACT. A matroid is supersolvable if it has a maximal chain of
flats each of which is modular. A matroid is saturated if every round
flat is modular. In this article we present supersolvable saturated ma-
troids as analogues to chordal graphs, and we show that several results
for chordal graphs hold in this matroid context. In particular, we con-
sider matroid analogues of the reduced clique graph and clique trees for
chordal graphs. The latter is a maximum-weight spanning tree of the
former. We also show that the matroid analogue of a clique tree is an
optimal decomposition for the matroid parameter of tree-width.

1. INTRODUCTION

The study of chordal graphs is well established, and dates to work by
Dirac [3] and Berge [1]. Our contribution here is to consider a new analogue
of chordality for matroids. A graph is chordal if every cycle with at least
four vertices has a chord. This leads fairly directly to the definition of a
chordal matroid used by Cordovil, Forge, and Klein [2]. If C'is a circuit in a
matroid, then a chord of C'is an element z ¢ C' such that there is a partition
of C into parts A and B where AU z and B U z are both circuits. We will
say that a matroid is C-chordal if every circuit with size at least four has a
chord. (Cordovil et al. call such a matroid chordal, but we will try to avoid
confusion by reserving that term solely for graphs.)

In this article we concentrate on a different matroid analogue for chordal-
ity. An alternative characterisation of chordal graphs is due to Dirac [3]: a
vertex is simplicial if its neighbours are pairwise adjacent. Now G is chordal
if and only if it has a simplicial vertex v such that G — v is chordal. This
definition is well suited for matroid purposes, because the edges not incident
with a simplicial vertex comprise a modular hyperplane in the corresponding
graphic matroid. (A flat F is modular if r(F)+r(F') = r(FNF')+r(FUF’)
for every flat F’. A hyperplane is modular if and only if it has a non-empty
intersection with every rank-two flat of the matroid.) Now we can recur-
sively consider the class of matroids M such that M is in M if and only
if M has a modular hyperplane H where restricting M to H produces a
matroid in M. The class M is exactly the family of supersolvable matroids,
introduced by Stanley [11].

Figure 1 shows a geometric representation of a rank-four matroid, M.
We see that the hyperplane F3 = {1,2,3,4,5,6,7} is modular, since every
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FIGURE 1. A supersolvable matroid

rank-two flat has a non-empty intersection with F3. In the same way, Fb =
{1,2,3,4} is a modular hyperplane of the restriction to F3, and F; = {1}
is a modular hyperplane of the restriction to Fy. Finally, () is a modular
hyperplane of the restriction to Fj. It follows that M is supersolvable.

It turns out that the condition of supersolvability is not strong enough
for our purposes because supersolvable matroids may fail to have properties
shared by all graphic matroids. To expand on this point, we consider matroid
analogues of cliques in a graph. Let F' be a flat of a matroid. Then F is
round if there is no pair of flats (F1, Fy) such that F' = F} U Fy and F}
and F5 are properly contained in F. Let G be a graph and let I’ be a flat
of the graphic matroid M(G). Then F is round if and only if G[F] is a
clique (Proposition 3.7). Therefore we think of round flats as the matroid
analogues of cliques. In graphic matroids every round flat is modular but this
is not true for matroids in general, nor is it true for supersolvable matroids.
For example, if M is the matroid in Figure 1, then {4,6,7,8,9,10} is a
round hyperplane, since it cannot be expressed as the union of two flats
that it properly contains. However, it is not modular, since it has an empty
intersection with the rank-two flat {3,5}.

We define a matroid to be saturated if every round flat is modular. Thus
saturated matroids can be thought of as analogues to graphs. To this condi-
tion, we add the condition of supersolvability to obtain our matroid analogue
of chordal graphs. So our fundamental objects of study are supersolvable
and saturated matroids. The graphic matroid M (G) is supersolvable and
saturated if and only G is chordal (Corollary 3.8 and Proposition 3.9). Many
other examples arise: for example, the matroids that are constructed using
generalised parallel connections, starting with the projective geometries of
a given order. Any such matroid is supersolvable and saturated.

The class of supersolvable saturated matroids is properly contained in the
class of C-chordal matroids (Proposition 3.6). So our focus is on a proper
subclass of C-chordal matroids. The relationships between the conditions
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of supersovability, saturation, and C-chordality are illustrated in Figure 2.
We will justify this Venn diagram in Section 3.1.

Supersolvable Saturated

g

C-chordal

FIGURE 2. Three matroid definitions

Our main focus is showing that many facts about chordal graphs have
analogues in the class of supersolvable saturated matroids. In particular,
Section 4 introduces one of our main ideas: the rotunda graph of such a
matroid. A rotunda is a maximal round flat. The vertices of the rotunda
graph are the rotunda of the matroid. Assume that Ry and Rs are distinct
rotunda with a non-empty intersection and that (F, F») is a pair of modular
flats of M such that E(M) = FyUF; and neither F nor Fy is equal to E(M).
If R, C F; fori =1,2 and F; N F, = R; N Ry, then we make Ry and Ro
adjacent in the rotunda graph. The idea of a rotunda graph is analogous
to the reduced clique graph introduced by Galinier, Habib, and Paul in [1]
(where it is called a clique graph). If G is a chordal graph, then the vertices
of the reduced clique graph of G are the maximal cliques of G. If C and C’
are maximal cliques then they are adjacent if CNC’ # () and any path from
a vertex of C'— C' to a vertex of C' — C uses a vertex of C N C".

If G is a chordal graph then the reduced clique graph of GG and the rotunda
graph of M (G) need not be the same, but this is only because G may have
low connectivity. In Proposition 4.4 we show that when G is 2-connected
the reduced clique graph of G and the rotunda graph of M (G) are identical.
We can go further than this: the class of reduced clique graphs and the class
of rotunda graphs are identical.

Theorem 1.1. Let H be a graph. Then H 1is isomorphic to the rotunda
graph of a supersolvable saturated matroid if and only if H is isomorphic to
the reduced clique graph of a chordal graph.

We prove this theorem in Section 4.1. It tells us that although a super-
solvable saturated matroid may be far from graphic, the structure of its
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rotunda will be mirrored by the structure of maximal cliques in a chordal
graph.

Knowing that these two classes of graphs are identical allows us to deduce
facts about the structure of rotunda graphs from the facts about reduced
clique graphs that we list in [9]. For example, in [9] we show that the
reduced clique graph of a chordal graph may have induced cycles of length
three, four, or six, but not five. Therefore the same statement applies to
rotunda graphs. We conjecture that a reduced clique graph cannot have an
induced cycle of length greater than six, so we therefore conjecture that the
same statement holds for rotunda graphs. In [9] we show that no rotunda
graph can be isomorphic to a cycle of length at least four. Thus the class of
rotunda graphs is properly contained in the class of graphs with no induced
cycle of length five. We also believe that every chordal graph is isomorphic
to the rotunda graph of some supersolvable saturated matroid, and that
there is a polynomial-time algorithm for recognising when a given graph is
isomorphic to some rotunda graph.

A clique tree of the graph G is a tree whose nodes are the maximal
cliques of GG, where the set of maximal cliques containing an arbitrary vertex
v € V(G) induces a subtree of T'. Clique trees were introduced by Gavril [5],
who showed that G has a clique tree if and only if G is chordal. The analogue
for a supersolvable saturated matroid M is a rotunda tree. In this case the
nodes of the rotunda tree are the rotunda of M, and the rotunda containing
an arbitrary element x € F(M) induces a subtree. A matroid may have a
rotunda tree without being supersolvable and saturated. For example, the
matroid in Figure 1 is not saturated, but it does have a rotunda tree (having
two nodes, corresponding to {1,2,3,4,5,6,7} and {4,6,7,8,9,10}).

Galinier et al. [1] weight the edges of reduced clique graphs. The edge
that joins maximal cliques C' and C’ is weighted with |C' N C’|. They then
prove that a spanning tree of the reduced clique graph is a clique tree if
and only if it has maximum total weight amongst all spanning trees. (Their
proof contains a flaw, which we explain and correct in [9].) In our analogous
result we weight the edges of rotunda graphs. The edge that joins rotunda
R and R’ is weighted with the rank of RN R’. (Our techniques are general
enough that we could also weight it with |R N R’|). In Section 5 we prove
the following.

Theorem 1.2. Let M be a connected supersolvable and saturated matroid.
Every rotunda tree of M is a spanning tree of the rotunda graph of M.
Every edge of the rotunda graph is contained in a rotunda tree. Moreover, a
spanning tree is a rotunda tree if and only if it has mazrimum weight amongst
all spanning trees.

In Section 6 we concentrate on tree-decompositions of optimal width. In
unpublished work, Heggernes [7] observed that a clique tree of a chordal
graph is an optimal decomposition of the graph with respect to the pa-
rameter of tree-width. A matroid analogue of tree-width was developed by
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Hlinény and Whittle [¢], and in Theorem 6.5 we prove the matroid ana-
logue of Heggernes’s observation: any rotunda tree of a supersolvable and
saturated matroid is an optimal decomposition with respect to the matroid
parameter of tree-width.

We refer to [10] for the foundations of matroid theory.

2. PRELIMINARIES

2.1. Chordal graphs. Let GG be a graph. If X is a set of vertices in G, then
G[X] is the subgraph induced by X. We say that a path P is X-avoiding
if any vertex of X in P is a terminal vertex of P. A clique of G is a set of
pairwise adjacent vertices. We blur the distinction between a subgraph, its
vertex set, and its edge set. So for example we may refer to a clique of the
graph G as being a flat in the cyclic matroid M (G).

If C is a cycle of a graph, then a chord is an edge that joins two distinct
vertices of the cycle without being an edge of the cycle or parallel to any
such edge. A graph is chordal if every cycle with at least four vertices has a
chord. Thus a graph is chordal if and only if has no induced cycle with more
than three vertices. Clearly every induced subgraph of a chordal graph is
chordal.

Let G be a graph, and let v be a vertex of G. If deleting v from G produces
a graph with more connected components than G, then v is a cut-vertex of
G. A connected graph with no cut-vertex is 2-connected.

An ordering v1, ..., v, of the vertices in a graph is a perfect elimination
order if the neighbours of v; amongst v;41,...,v, form a clique, for each 1.
A proof of the following can be found in [6, Theorem 4.1].

Proposition 2.1. A graph is chordal if and only if it has a perfect elimi-
nation order.

2.2. Modularity. Let M be a matroid. The flat F' is modular if r(F) +
r(F") = r(FUF'") +r(FNF') whenever F’ is a flat. Note that the entire
ground set is trivially a modular flat. We also see that the unique rank-zero
flat is modular. The following is proved in [10, Proposition 6.9.2].

Proposition 2.2. Let F' be a flat of the matroid M. Then F is modular
if and only if r(F) + r(F') = r(F U F') whenever F' is a flat such that
FNF =§.

It follows easily that if F' is a hyperplane, then F' is modular if and only

if 7(FFN L) = 1 whenever L is a rank-2 flat not contained in F. We often
use an equivalent definition.

Proposition 2.3. Let F' be a flat of the matroid M. Then F is modular if
and only if there is no circuit C C F U F’ containing elements from both F
and F', whenever F' is a flat that is disjoint from F.

Proof. Let F’ be an arbitrary flat that is disjoint from F. There is no
circuit of M|(F U F’) that contains elements of both F' and F’ if and only



6 MAYHEW AND PROBERT

if r(F) +r(F") =r(FUF’) [10, Proposition 4.2.1]. Now the result follows
by Proposition 2.2. O

The next result combines Proposition 6.9.5 and Corollary 6.9.8 from [10].

Proposition 2.4. Let F and F' be modular flats of the matroid M. Then
FNF is a modular flat of M. If F C X C E(M) then F is a modular flat
of M|X.

Proposition 2.5. Let F' be a modular flat of the matroid M and let C be a
circuit of M such that CNF' is non-empty. Then cl(C'—F)NF' is non-empty.

Proof. If cl(C'— F)N F = () then Proposition 2.3 is violated, since cl(F — C)
is a flat that is disjoint from F, but C' is a circuit that contains elements
from both F' and cl(C' — X). O

Let H be a modular hyperplane of the matroid M, and let C* be the
complementary cocircuit. Let & and y be distinct rank-one flats contained
in C*. Then r(H Ncl(zx Uy)) = 1, because H is modular. We say that
the rank-one flat H N cl(x Uy) is the projection of x and y onto H, and
we denote this flat with Py (x,y). If z and y are elements of C* such that
r({x,y}) = 2, then we also use Py (z,y) to stand for Py (cl({x}),cl({y})).

Proposition 2.6. Let H be a modular hyperplane of the matroid M. Let
X be a subset of E(M)— H and let P be the union UPy(x,y), where {z,y}
ranges over all pairs of distinct rank-one flats in X. Let U be a subset of H
such that U contains P. Then cl(U) =c(UUX)NH.

Proof. Note that cl(U) is contained in H. Thus it is obvious that cl(U) is
a subset of cl(U U X) N H. Let us assume that the containment is proper,
and let z be an element that is in cl(U U X) N H but not cl(U). Thus z
is not in U. There is some circuit C' C U U X U z that contains z. Let us
assume that we have chosen C' so that C' — H is as small as possible. If
C — H is empty, then C certifies that z is in cl(U), contrary to hypothesis,
so C'— H # (). If C — H contains a single element x, then C certifies that x
is in cl(H) = H, which is a contradiction. Therefore we can choose z and y
to be distinct elements of C'— H. Let p be an element in Py (z,y). Thus p is
in P and {x,y,p} is a circuit. Note that z # p, since z is not in P C U. We
perform strong circuit elimination on C' and {x,y,p} to obtain the circuit
C' C (C —x)U{p,z} such that z is in C’. Thus C’ is a subset of U U X U z,
but C’ — H is smaller than C. Now our choice of C is contradicted, and this
completes the proof. O

Proposition 2.7. Let H be a modular hyperplane of the connected matroid
M. Then M|H is connected.

Proof. Assume that M|H is not connected, and let (U, V') be a separation of
M|H. Because M is connected, there are circuits of M that contain elements
from both U and V. Amongst such circuits choose C' so that C' — H is as
small as possible. Let u be an element in C' N U and let v be an element
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from C NV. Note that C' — H is not empty since (U, V) is a separation
of M|H. Furthermore, C' — H does not contain a single element, or else
that element would be in cl(H) = H. Therefore we choose distinct elements
x,y € C'— H. Let p be an element in Py (x,y), so that {z,y,p} is a circuit
of M. Because p is in H we can assume without loss of generality that p is
in U. We perform strong circuit elimination on C and {z,y,p} to obtain a
circuit C" C (C — z) U {y,p} that contains v. Note that C’ contains p, or
else it is a proper subset of C. Thus C’ contains elements from both U and
V, but |C' — H| < |C — H|, and we have a contradiction. Therefore M|H is
connected. (|

2.3. Roundness. A proper flat of a matroid is one that is not equal to the
entire ground set.

Definition 2.8. Let M be a matroid. A wertical cover of M is a pair
(F, F") of proper flats such that FF U F' = E(M). If, in addition, F' and F’
are modular flats, then (F, F’) is a modular cover. A matroid is round if it
has no vertical cover.

Thus a matroid is round if and only if there is no partition (U,U’) of
E(M) such that neither U nor U’ is spanning. Such a partition is said to
be a wertical separation. If X is a subset of E(M), then we say that X is
round if M|X is round. If F is a round flat of the matroid M and F is
contained in the subset X C F(M), then clearly F' is a round flat of M|X.
A round flat is mazimal if it is not properly contained in a round flat. For
brevity, we refer to a maximal round flat as a rotunda. The set of rotunda
of a matroid M is denoted by R(M).

Proposition 2.9. Let R and R’ be distinct rotunda. Let (F, F') be a vertical
cover such that RC F and R' C F' and FNF' = RNR'. Then R ¢ F' and
R ¢F.

Proof. Tt suffices to prove that R is not contained in F’. Assume this fails.
Then R is contained in F'N F' = RN R, implying that R is a subset of R'.

This is impossible since R and R’ are distinct rotunda. U
The next result follows from work in [12], but we include a proof for
completeness.

Proposition 2.10. Let H be a modular hyperplane of the matroid M. Let
X be a subset of the cocircuit E(M) — H. Then

{Pu(z,y): z,y € X,r({z,y}) =2}

18 round.

Proof. Let P be the union of all projections onto H of pairs of distinct,
non-parallel, elements in X. Thus our aim is to show that P is round. We
assume for a contradiction that (F, F’) is a vertical cover of M|P, so that
F and F’ are proper flats of M|P and FUF’ = P. Note that if X contains
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fewer than three rank-one flats, then P is either empty or consists of a single
rank-one flat. In this case P is trivially round, so we must assume that X
contains at least three rank-one flats.

Let x, y, and z be distinct rank-one flats in X. Assume that Ppy(z,y)
and Py(z,z) are both in F. We claim that Py(y,z) is also in F. If z
is in cl(z U y), then cl(z Uy) = cl(z U z) = cl(y U 2), and it follows that
Py(x,y) = Py(z,z) = Pg(y,z), so the claim is true. Therefore we will
assume that r(x Uy U z) = 3. Let Z be cl(z Uy U z). Since H is a modular
hyperplane and Z is not contained in H, it follows that r(H N Z) = 2. Now
Py (z,y) and Pg(z,z) are rank-one flats contained in H N Z. If they are
not distinct, then y and z are both in the closure of x U Py (x,y). This
implies that z is in cl(z Uy), contrary to earlier hypothesis. It follows that
Py (x,y) U Py (z,2) spans H N Z, and in particular spans P (y, z). Thus
Py (y, z) is in F, as claimed. Symmetrically, if Py (x,y) and Pg(z,z) are
both in F’, then so is Py (y, 2).

We think of the rank-one flats that have a non-empty intersection with
X as the vertices of a complete graph. If x and y are two such flats, then we
colour the edge between x and y red if Py (z,y) is in F', and blue if it is in
F’. Notice that an edge may be both red and blue. The previous paragraph
shows that if the edges xy and zz are both red (blue), then the edge yz is
also red (blue).

Let = be a vertex in this complete graph and assume that every edge
incident with x is red. Then every edge is red, and it follows that P is
contained in F'. This is impossible since F' is a proper flat of M|P. Similarly,
it is not possible for every edge incident with x to be blue.

Therefore we can assume that the edge between x and y is red but not
blue, and the edge between z and z is blue but not red. However, if the
edge yz is red, then zz is red, and if yz is blue then xy is blue. In either
case we have a contradiction, so the proof is complete. O

Proposition 2.11. Let H be a modular hyperplane of the matroid M and
let C* be the complementary cocircuit. Let (Fy, Fy) be a vertical cover of
M|H. Let P be the union UPg(x,y), where x and y range over all distinct
rank-one flats contained in C*. Then P is contained in F; for some i, and
(F; UC*, F5_;) is a vertical cover of M. Moreover, if (Fy1, F3) is a modular
cover, then so is (F; UC*, F3_;).

Proof. Proposition 2.10 says that P is a round subset of H. Thus (Fy N
P, F>N P) is not a vertical cover of M|P, so either F; NP or Fo N P is equal
to P. We assume the former without any loss of generality, so P C Fj.
Proposition 2.6 implies that F is equal to cl(F} U C*) N H. It follows that
cl(FRUC*) = FUuC*. Now F1UC™ is a proper flat of M because F} is a proper
flat of M|H. Similarly, F» is a proper flat of M. As (F1UC*)UFy, = E(M),
it follows that (Fy U C*, Fy) is a vertical cover of M.

Now we assume that (Fj, F5) is a modular cover of M|H. Then F; is a
modular flat of M|H so it immediately follows from [10, Proposition 6.9.7]



SUPERSOLVABLE AND SATURATED MATROIDS 9

that Fy is also a modular flat in M. It remains only to prove that Fy U C*
is a modular flat of M. To this end, assume that F' is a flat of M that is
disjoint from Fy U C*. Thus F is a flat of M|(Fy — Fy). If we can show
that there is no circuit of M|((F; UC*)U F') containing elements from both
F and F; U C*, then the result will follow from Proposition 2.3. Assume
that C' is such a circuit, chosen so that C' N C* is as small as possible. Let
f be an element of C N F. If C N C* = (), then Proposition 2.3 implies
that F is not a modular flat of M|H, which is a contradiction. Therefore
CNC* # (. If CNC* contains a single element, x, then C' certifies that x is
in cl(H) = H, a contradiction. Therefore we let z and y be distinct elements
in CNC*. Let p be in Py(x,y). Thus {z,y,p} is a circuit and p is in P,
and hence in F;. We perform strong circuit elimination on C and {z,y,p}
to obtain C’ C (C' — x) U {y,p}, a circuit that contains f. It must contain
p, since otherwise it is properly contained in C. But now C’ is contained
in F1 UC* U F, and it contains elements from both F and F; U C*. Since
C’' N C* is strictly smaller than C' N C*, we have contradicted our choice of
C, so the proof is complete. O

The following result provides a partial converse to Proposition 2.11.

Proposition 2.12. Let H be a modular hyperplane of the matroid M and
let C* be the complementary cocircuit. Let (F,F') be a modular cover of
M such that F' is contained in H. If F' # H, then (FNH,F'NH) is a
modular cover of M|H .

Proof. Note that C* is contained in F' because F’ contains no element of C*.
Let P be the union of Py (z,y) where x and y range over distinct rank-one
flats in C*. Since F' contains C*, and P is spanned by C* it follows that
P is a subset of F. Now F'N H is the intersection of two modular flats, so
Proposition 2.4 implies that it is a modular flat of M, and hence of M|H.
Because F’ is contained in H it is also true that F'NH = F” is a modular flat
of M|H. By hypothesis F' N H is a proper flat of M|H. Furthermore, F N H
is a proper flat of M|H, or else F' contains H U C* = E(M), contradicting
the fact that F is a proper flat of M. Therefore (FNH, F'NH) is a modular
cover of M|H. O

Proposition 2.13. Let H be a modular hyperplane of the matroid M and
let C* be the complementary cocircuit. If F' is a round flat not contained in
H, then F C cl(C*).

Proof. Assume this fails. Then F'NC* does not span F. It is also true that
FNH does not span F, as cl(FNH) C cl(H) = H and F is not contained in
H. Therefore (FNH, FNC*) is a vertical cover of M|F, and this contradicts
the fact that M|F is round. O

Proposition 2.14. Let H be a modular hyperplane of the matroid M and let
C* be the complementary cocircuit. Then cl(C*) is a rotunda. Furthermore,
every other rotunda of M is contained in H.
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Proof. Let R be cl(C*). Assume that R is not round, and let (F,F’) be a
vertical cover of M|R. Let P be the union UPy(z,y), where z and y range
over all distinct rank-one flats contained in C*. Note that P is contained in
RN H. Proposition 2.10 says that P is round. It follows that one of FNP or
F'N P is equal to P. Without loss of generality we will assume the former.

If F' contains C*, then it contains R, which is impossible as (F, F’) is a
vertical cover of R. Therefore we choose x € C* — F’. The same argument
shows we can choose y € C* — F. Note that z and y are not parallel, since
zisin F — F' and y is in F' — F. Let p be in Py(x,y), so that p is in P,
and hence in F. As {z,y,p} is a circuit and both = and p belong to the flat
F' it follows that y is in F', contrary to assumption. Therefore R is round.

Let Z be any flat that properly contains R. Note that Z N H is a flat that
does not contain any element of C*. Therefore (ZN H, R) is a vertical cover
of Z, a contradiction. This shows that R is a maximal round flat, which is
to say, a rotunda.

Finally, let Z be a rotunda that is not contained in H. By Proposition
2.13, we see that Z is contained in R. As Z and R are both rotunda it now
follows that Z = R. (]

Proposition 2.15. Let H be a modular hyperplane of the matroid M. Let
C* be the complementary cocircuit. Then cl(C*) N H is round.

Proof. Let R be cl(C*). Assume for a contradiction that (F, F') is a vertical
cover of RN H. Let P be the union UPy(z,y) where x and y range over all
distinct rank-one flats contained in C*. Note that P is contained in RN H.
Proposition 2.10 says that P is round. Therefore (F'N P, F' N P) is not a
vertical cover of P, so we can assume without loss of generality that P is
contained in F. Applying Proposition 2.6, we see that cl(F U C*) N H is
equal to F. Thus cl(C*) N H = RN H is contained in F'. This contradicts
the fact that (F, F”) is a vertical cover of RN H. O

3. SUPERSOLVABILITY AND SATURATION
The following definition was introduced by Stanley [11].

Definition 3.1. The rank-r matroid M is supersolvable if it has a chain of
modular flats Fy C Fy C - -+ C F,., where r(F;) = ¢ for each 1.

We can give an equivalent, recursive, definition: if 7(M) > 0 then M
is supersolvable if it contains a modular hyperplane H such that M|H is
supersolvable. Note that every rank-zero matroid is trivially supersolvable.

Definition 3.2. A matroid is saturated if every round flat is modular.

Proposition 3.3. Let F be a flat of the saturated matroid M. Then M|F
1s saturated.

Proof. Let R be a round flat of M|F. Then R is a round flat of M so it is
modular in M. Now [10, Proposition 6.9.5] implies that R is a modular flat
of M|F. O



SUPERSOLVABLE AND SATURATED MATROIDS 11

If M is supersolvable and saturated and H is a modular hyperplane such
that M|H is supersolvable, then it follows from Proposition 3.3 that M|H
is supersolvable and saturated.

Proposition 3.4. Let M be a saturated matroid. Let H be a modular hy-
perplane of M and let C* be the complementary cocircuit. If C* is non-
spanning, then (H,cl(C*)) is a modular cover of M.

Proof. Certainly H is a proper flat of M, and C* is non-spanning by hy-
pothesis. Therefore (H,cl(C*)) is a vertical cover. We have assumed that
H is a modular flat. Proposition 2.14 says that cl(C*) is round. Since M is
saturated, it follows that cl(C*) is modular, so the proof is complete. O

Proposition 3.5. Let M be a matroid. Then M is supersolvable if and
only if each of its connected components is supersolvable. Similarly M is
saturated if and only if each of its connected components is saturated.

Proof. This result will follow by an easy inductive argument if we can prove
it in the case when M has exactly two connected components. Therefore we
will assume that M = M; @ Ms, where M; and M are non-empty connected
matroids. For i = 1,2, let r; be r(M;).

Assume that M; and My are supersolvable. For ¢ = 1,2, let Fé C Ff -
.-+ C F! be a chain of modular flats in M; such that each FJZ has rank j.
Using [10, Corollary 6.9.10] we see that each Fj1 U F? is a modular flat of
M. Now it is easy to confirm that the chain

FyCF C-- CF.CF UFfCF UF;.---CF UF2

certifies that M is supersolvable.

For the other direction, assume that M is supersolvable. Assume for a
contradiction that either My or Ms is not supersolvable. We will assume
that amongst such counterexamples, M is as small as possible. Now M has a
modular hyperplane H such that M|H is supersolvable. The complement of
H is a cocircuit, and is therefore contained in either My or M. Without loss
of generality we assume that H contains E(Msy). Now M|H = (M;|H )& Mo.
The minimality of M means that M;|H and M are both supersolvable. But
[10, Corollary 6.9.10] implies that H N E(M;) is a modular flat of M;. It is
the complement of a cocircuit of My, so H N M; is a modular hyperplane
of M7, and restricting to this hyperplane produces a supersolvable matroid.
This shows that M; too is supersolvable, so the proof of this direction is
complete.

From [10, Corollary 6.9.10] we see that E(M;) and E(Ms) are modular
flats of M. It follows from [10, Proposition 6.9.5] that a flat of M; is modular
in M if and only if it is modular in M;. If F is a round flat of M then
F C E(M;) or F C E(M3) because otherwise (F'N E(M;), FNE(Ms)) is a
vertical cover of M|F. In fact, the round flats of M are exactly the round
flats of M7 along with the round flats of Ms. From these considerations we
can easily see that M is saturated if and only if M and Ms are saturated. [
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3.1. Chordality for matroids. We shall start this section by justifying
the Venn diagram in Figure 2. Recall that if C' is a matroid circuit, then a
chord of C'is an element x ¢ C such that AUz and B U z are both circuits
for some partition of C' into sets A and B. A matroid is C-chordal if every
circuit with at least four elements has a chord.

As we discussed in the introduction, the matroid in Figure 1 is supersolv-
able but not saturated. To see that it is not C-chordal, note that {3,5,6, 7}
has no chord. Because the only round flats of Uz g are the empty set, the
singleton sets, and the entire ground set, we can easily confirm that every
round flat is modular, so U3¢ is saturated. It has no modular hyperplane,
so it is not supersolvable, and no circuit has a chord so it is not C-chordal.
Recall that W* is the rank-three matroid with ground set {a, b, ¢, d, e, f} and
non-spanning circuits {a,b,d}, {b,c,e}, and {a,c, f}. It is easy to confirm
that every circuit of size four has a chord. However no line is modular, so
W* is not supersolvable, and it also follows that it is not saturated.

We will leave as an exercise the fact that the Fano matroid F7 is supersolv-
able, saturated, and C-chordal. Cordovil et al. note that M*(K3 3) is not su-
persolvable [2]. It is an easy exercise to see that it is saturated and C-chordal.
Finally, let M be the rank-three matroid with ground set {p, a,b, ¢, d, e, f,x}
where the non-spanning circuits are {p, a, b, c}, {p,d, e, f}, {a,d,xz}, {b,e,x},
and {c, f,x}. Now {p,a,b,c} and {p,d, e, f} are both modular hyperplanes,
and we can easily confirm that M is supersolvable. On the other hand,
{a,d,z} is a round hyperplane that has empty intersection with the rank-
two flat {b, f}. Hence {a,d,z} is not modular and therefore M is not satu-
rated. On the other hand, a simple case-analysis shows that M is C-chordal.
We can finish the justification of Figure 2 by proving that every supersolv-
able saturated matroid is C-chordal. In fact, we prove something slightly
stronger.

Proposition 3.6. Let C' be a circuit in the supersolvable saturated matroid
M and assume that |C| > 4. There exist distinct elements z,y € C and an
element z ¢ C such that {z,y, 2z} and (C — {x,y}) Uz are circuits of M.

Proof. Let M be a smallest possible counterexample to the result. If (M) <
2 then the result holds vacuously, so (M) > 3. Let H be a modular
hyperplane of M such that M|H is supersolvable and saturated. Let C* be
the complement of H.

Choose C' to be an arbitrary circuit of M such that |C] > 4. If C' is a
circuit of M|H, then the result holds by induction. Therefore CNC* is non-
empty. Because H is a flat it follows that C'NC* contains distinct elements
x and y. Let L be cl({z,y}). Note that L contains an element in Py(x,y),
so that L is a rank-two flat containing at least three rank-one flats. Now it
is easy to confirm that L is a round flat. Since M is saturated, it follows
that L is modular. Note that C' contains exactly two elements of L because
|C| > 4. Now

r(c(C—L)NL)=r(C—-L)+r(L)—r(C)=(C|-2)+2—-(|C|—-1)=1.
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Therefore we choose an element z which is in ¢l(C'— L)N L. Note that neither
x nor y is in cl(C' — L), or else C' properly contains a circuit. Therefore z
is in L — {z,y} and {z,y,2} is a circuit. Let ¢’ C (C — L) U z be a
circuit that contains z. Now (C’' U {z,y}) — 2z contains a circuit, by circuit
elimination with C" and {z,y, z}. But (C" U {xz,y}) — z is a subset of C, so
(C'"U{z,y}) — z = C. It follows that C' = (C — L)Uz. Thus (C —L)Uz
and {x,y, z} are both circuits and M is not a counterexample after all. [

In the next results we justify using supersolvable saturated matroids as
analogues for chordal graphs.

Proposition 3.7. Let G be a graph, and let F be a flat of M(G). Then F
is round if and only if G[F] is a clique.

Proof. Let M be M(G). Assume that G[F] is not a clique. Let u and v be
distinct vertices in G[F] that are not adjacent. Let U be the set of edges
in I that are incident with u, and let U’ be FF — U. If f € F is an edge
incident with u, there is no cycle contained in U’ U f that contains f. This
shows that cl(U’) is a proper flat of M|F. The same argument shows that
cl(U) is a proper flat of M|F, so (cl(U),cl(U")) is a vertical cover of M|F.
Thus F' is not round.

For the other direction, assume that G[F] is a clique, but that (U,U’) is
a vertical cover of G[F]. We colour the edges of F' red if they are in U, and
blue if they are in V. Note that an edge may be both red and blue. Let v
be an arbitrary vertex of G[F|. The set of edges incident with v spans F,
since G[F] is a clique. If all the edges of F' incident with v are red, then U
contains F', a contradiction. By symmetry, we can now let e, f € F' be edges
incident with v so that e is red but not blue, and f is blue but not red. Let
g be the edge of F so that {e, f, g} is the edge-set of a triangle. If g is red,
then f is also red, and if g is blue, then e is blue, and in either case we have
a contradiction. ]

Corollary 3.8. Let G be a graph. Then M(G) is a saturated matroid.

Proof. From Proposition 3.7 we see that every round flat of M (G) is a clique
of G, and any such flat is modular by [10, Proposition 6.9.11]. The result
follows. O

The next result is a consequence of [1 1, Proposition 2.8].

Proposition 3.9. Let G be a graph. Then G is chordal if and only if M(G)
18 supersolvable.

The next result implies the known fact [0, Proposition 4.16] that in a
chordal graph the number of maximal cliques does not exceed the number
of vertices.

Proposition 3.10. Let M be a supersolvable matroid. Then M has at most
r(M) rotunda.



14 MAYHEW AND PROBERT

Proof. Let H be a modular hyperplane of M such that M|H is supersolvable.
Any rotunda of M that is contained in H is a rotunda of M|H. But M|H
has at most (M) — 1 rotunda by induction, and Proposition 2.14 says there
is exactly one rotunda of M that is not a rotunda of M|H. The result
follows. O

4. REDUCED CLIQUE GRAPHS AND ROTUNDA GRAPHS

Let G be a chordal graph. The clique graph of G, denoted C(G), has
the maximal cliques of G as its vertices. Two distinct maximal cliques are
adjacent in C(G) if and only if they have at least one vertex in common.
Our focus will be the reduced clique graph, Cr(G), which was introduced in
[1]. The vertices of Cr(G) are again the maximal cliques of G. Let C} and
C5 be distinct maximal cliques of G. We say that C7 and Cs are a separating
pair if there is at least one vertex in Cy N Cs and any path from a vertex
of C1 — C5 to a vertex of Cy — C uses a vertex in C1 N Cy. Now Cgr(G) is
the subgraph of C'(G) where two maximal cliques are adjacent if and only
if they form a separating pair. We now define a matroid analogue of this
graph.

Definition 4.1. Let M be a supersolvable saturated matroid. Recall that
R(M) is the family of rotunda of M. The rotunda graph R(M) is the graph
with R(M) as its vertex set. The rotunda R; and R» are adjacent in R(M)
if R1 N Ry # () and there is a modular cover (Fy, Fy) such that R; C F; for
1 =1,2, and F1 N Fy, = Ry N Ry. In this case we say that the modular cover
(F1, F3) certifies the adjacency of Ry and Rs.

The next result allows us to prove statements about rotunda graphs in-
ductively.

Proposition 4.2. Let M be a supersolvable saturated matroid and let H
be a modular hyperplane of M such that M|H is supersolvable. Let C* be
the complement of H and let R be cl(C*). Then R is a rotunda of M and
either:

(a) RN H is a rotunda of M|H and
R(M)=(R(M|H)—{RnN H})U{R}, or
(b) RN H is properly contained in a rotunda of M|H and
R(M)=TR(M|H)U{R}.

If case (a) holds then R(M|H) is obtained from R(M) by relabelling R as
RN H. If case (b) holds then R(M|H) is obtained from R(M) by deleting
R.

Proof. Note that M|H is saturated as well as supersolvable (Proposition
3.3). Proposition 2.14 says that R is a rotunda of M, and that moreover it
is the unique rotunda of M that is not contained in H. Now it is an easy
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exercise to prove that every other rotunda of M is a rotunda of M|H. This
shows R(M) C R(M|H) U{R}.

Proposition 2.15 says that RN H is a round flat of M|H. First assume
that R N H is a maximal round flat of M|H. Then RN H is a rotunda of
M| H but not of M, since RN H is properly contained in R. So in this case
R(M) is contained in (R(M|H)—{RNH})U{R}. Now let Z be a rotunda
of M|H that is not equal to RN H. We will prove that Z is a rotunda of
M. Assume otherwise. Because Z is a round flat of M|H, and hence of M,
it is properly contained in a rotunda of M. Let this rotunda be Z’. Now Z’
is not contained in H, because in this case Z and Z’ would both be rotunda
of M|H, and then Z cannot be properly contained in Z’. So Z' is a rotunda
of M that is not contained in H, and hence Z’ = R. Thus Z is contained
in RN H. Because Z is not properly contained in a round flat of M|H we
deduce that Z = RN H, contrary to hypothesis. Thus Z is a rotunda of M
and we have shown that when RN H is a rotunda of M|H, the set R(M) is
equal to (R(M|H) —{RN H})U{R} and case (a) holds.

Next we assume that RN H is not a rotunda of M|H. We have already
shown that R(M) is contained in R(M|H) U {R}. Let Z be a rotunda
of M|H and assume that Z is not a rotunda of M. Then Z is properly
contained in Z’, a rotunda of M. As in the previous paragraph, Z’ = R, so
Z is contained in RN H. Again we deduce that Z = RN H, and we have a
contradiction to Z being a rotunda of M|H. So in the case R(M) is equal
to R(M|H) U{R}. Furthermore, RN H is a round flat of M|H but not a
rotunda, so it must be properly contained in a rotunda of M|H. Thus case
(b) holds.

Assume case (a) holds. We let Z; and Z, be distinct rotunda of M,
where Z; is not equal to R. Thus Z; is a rotunda of M|H. FEither Z5 is
equal to R or it is not. In the former case Zo N H = RN H and in the latter
Zy N H = Zy. In either case Zo N H is a rotunda of M|H. We will prove
that Z; and Zy N H are adjacent in R(M|H) if and only if Z; and Z; are
adjacent in R(M), and this will show that R(M|H) is obtained from R(M)
by relabelling R as RN H.

Assume that (F}, F») is a modular cover of M that certifies the adjacency
of Z1 and Zs in R(M). Thus F} and F» are proper modular flats of M and
FyUFy, = E(M). Moreover Fy N Fy = Z1 N Z3. Assume that either F; or F
contains H. Since Proposition 2.9 implies that neither F} nor F5 contains
Z1 U Zy, we deduce that Zos = R and F; = H. Now

RNHCFNFy,=2Z1N2Zy

so Zy contains RN H. Since Z; and RN H are both rotunda of M|H, we
see that Z1 = RN H, and in this case Z; is properly contained in Zs. This
is impossible, so F; N H or F, N H are proper flats of M|H. Moreover, their
union is equal to H.

Since F; and F5 are modular flats of M it follows that F; N H and FoNH
are modular flats of M (Proposition 2.4), and hence modular flats of M |H.
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Furthermore,
(FINH)N(FaNH)=(FINFK)NH=(Z1iNZ)NH=2,N(ZyNH).

Now we see that (Fy N H, F, N H) is a modular cover of M|H, and that it
certifies the adjacency of Z; and Z2 N H in R(M|H).

For the other direction, assume Z; and Zy N H are adjacent in R(M|H),
and let (F1, Fy) be a modular cover of M|H that certifies their adjacency.
Let P be the union UPg(x,y), where z and y range over distinct rank-one
flats in C*. We apply Proposition 2.11 and see that P is contained in either
F1 or FQ.

Assume that Zo = R. Then P is contained in Zo N H C Fy. In this
case Proposition 2.11 implies that (F7, Fo U C*) is a modular cover of M.
Moreover,

Flﬂ(FQUC*):Flﬂngzlﬂ(ZgﬂH):ZlﬂZQ.

Thus (Fy, F» U C*) certifies the adjacency of Z; and Z in R(M). Next we
assume that Zo # R, so that Z; and Zs are both rotunda of M|H. We again
apply Proposition 2.11 and see that (F; UC*, F3_;) is a modular cover of M
for some i € {1,2}, and as before we can see that (F; U C*, F5_;) certifies
the adjacency of Z; and Z in R(M). Thus we are now finished with case
(a).

Assume case (b) holds. Let Z; and Z3 be two rotunda of M|H. We can
use exactly the same arguments as in the previous paragraphs to show that
Zy and Z3 are adjacent in R(M|H) if and only if they are adjacent in R(M).
Thus R(M|H) is obtained from R(M) by deleting the rotunda R and the
proof is complete. O

4.1. Rotunda graphs vs. reduced clique graphs. In this section we
compare rotunda graphs and reduced clique graphs. Ultimately we will show
that they are identical classes of graphs. We also consider the connection
between the reduced clique graph of G and the rotunda graph of M (G) when
G is a chordal graph.

Proposition 4.3. Let G be a chordal graph. Then the maximal cliques of G
are the rotunda of M(G), and every edge in R(M(QG)) is an edge in Cr(G).

Proof. The first statement follows from Proposition 3.7. Let M stand for
M(G), so that we identify the vertices of Cr(G) and the vertices of R(M).
Let R; and Rs be rotunda that are adjacent in R(M), and let C; and Cy
be the corresponding maximal cliques of G. We will show that C7 and Cs
are adjacent in Cr(G). Let (Fy, F5) be a modular cover of M certifying the
adjacency of Ry and Rs, so that R; C F; for i = 1,2, and F1NFy, = RiNRs.

Because Ry and Ry are adjacent in R(M), they have a non-empty inter-
section, which means that C7 and Cy share at least two vertices. Let S be
the set of vertices in both Cj and Cy. Thus |S| > 2. If C} and Cy form a
separating pair, then there is nothing left for us to prove. Therefore we will
let P be an S-avoiding path from a; € C7 — Cs to ag € Cy — (1.
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Let u be an arbitrary vertex in S. Assume that every edge of C; incident
with u is in F5. Then R, is contained in F5, which contradicts Proposition
2.9. Therefore we let e; be an edge of C; that is incident with u and not in
F5. By the same reasoning, we can let eo be an edge of (s that is incident
with v and not in F}. Assume that e; joins u to b; for ¢ = 1,2. Note that by
is in C7 — Oy, or else e; would be in Ry C Fy. Similarly by is in Cy — Cf.

We obtain the cycle D from P by appending the edges e; and es as well
as ai1b; and agby. (This assumes that ay # by; if a; = b; then we do not
append a1b;. The same comment applies if ag = bs.)

Note that D is not contained in F5, as e; is not in F5. Because F5 is
a modular flat we can apply Proposition 2.5 and deduce that there is an
element x € Fy Ncl(D — Fy). Thus D' Uz is a cycle of G for some subset
D" C D — F;. Because (D — F») Uz is a circuit of M it follows that z is in
I as well as F. Therefore x is in Ry N Ra, so x joins two vertices of S. Let
v be a vertex incident with x such that v is not u. Thus v is in the cycle D,
so v is either an internal vertex of P, or is equal to one of a1, b1, as, or bo.
But none of the internal vertices of P isin S, and a1, by are in C7 — Cy while
as, by are in Cy — C7. Therefore we have a contradiction that completes the
proof. O

From the previous result we know that R(M (G)) is a subgraph of Cr(G).
To see that R(M(G)) and Cr(G) need not be equal, we let G be the path
with two edges. Thus G is a tree and is therefore chordal. There are two
maximal cliques in G, and M (G) has two rotunda. However Cr(G) consists
of two vertices joined by an edge, whereas R(M (G)) consists of two isolated
vertices, since the two rotunda of M (G) are disjoint. The next result shows
that sufficient connectivity prevents this situation from happening.

Proposition 4.4. Let G be a chordal graph that is 2-connected. Then
Cr(G) = R(M(G)).

Proof. We identify the vertices of Cr(G) and R(M). By virtue of Propo-
sition 4.3, it suffices to show that every edge of Cr(G) is also an edge of
R(M). To this end let C; and Cy be maximal cliques of G that are adjacent
in Cr(G). Let R; be the edge set of C; for i = 1,2. Then R; and Ry are
rotunda of M. We will show they are adjacent in R(M).

Set S to be the set of vertices in both C; and Cy. Since C7 and Cy are
adjacent in Cr(G) it follows that S # (). For each i = 1,2, let a; be a vertex
in Cz - 03_2‘.

4.4.1. RiNRy #0

Proof. This claim holds if |S| > 2, because then any edge joining two vertices
of S is in Ry N Ry. So assume that [S| = 1 and let v be the unique vertex
of S. Now C7 and (5 form a separating pair, so a; and ag are in different
connected components of G — S = G — v, but this contradicts the fact that
G is 2-connected. (]
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Now we know that R; and Ry are not disjoint we can complete the proof
by constructing a modular cover to certify their adjacency in R(M). Let U;
be the set of edges that are contained in S-avoiding paths having a; as a
terminal vertex. Observe that every edge incident with aq is in U;. Let Us
be the set of edges of G not in U;. Thus (Uy,Us) is a partition of the edge
set.

4.4.2. (U1, Us) is a vertical separation of M.

Proof. We must prove that neither U; nor Us is spanning in M. Let e be any
edge incident with as. We claim that e is not in U;. Assume otherwise, and
let P be an S-avoiding path with a1 as a terminal vertex, where P contains
e. Since e is incident with ao, we can let P’ be a subpath of P from a; to as.
As C} and Cy form a separating pair, it follows that P’ contains a vertex of
S. But the end vertices of P’ are a1 and a9, and neither is in S, so P’ has an
internal vertex in C; N Cy. Thus P does as well, a contradiction. Therefore
e is not in Uj.

Assume that U is spanning. Let e be an edge incident with ay. Then e
is in Us by the previous paragraph. Since it is in the closure of U, we can
let D be a cycle containing e such that every other edge of D is in U;. In
particular, this means that ag is incident with an edge of Uy, contrary to
the previous paragraph. So U is not spanning.

Similarly, if Us is spanning, then we let e be an edge incident with a;.
Then e is not in Us, so we can let D be a cycle that contains e, where all the
other edges of D are in Uy. This implies that an edge incident with a; is in
Us, which contradicts an earlier conclusion. Therefore (Uy, Us) is a vertical
separation. [l

For i = 1,2, we let F; be cl(U;). Recall that R; is the edge-set of C;.
4.4.3. i1 NFy, =R NRy.

Proof. Let e be an edge that joins vertices u and v. First assume that e
is in Ry N Ry. Then u and v are in S. This means there is no S-avoiding
path containing e with a; as a terminal vertex. Hence e is not in U; so it
is in Us. However, a; is adjacent to uw and v, and the edges ayju and ajv
are in Uy, so e is in cl(Uy). Thus e is in F; N Fy and we have shown that
RiNRy C F1 N Fy.

For the other direction, assume that e is in F; N F,. First assume that
e is in U;. Let P be an S-avoiding path with a; as a terminal vertex such
that e is in P. We can assume that either u or v is a terminal vertex of P.

Since e is in Uy N cl(Uy) we can let D be a cycle such that e is in D,
and every other edge of D is in Us. Thus both v and v are incident with
edges in Us. Let ¢ be an edge incident with u that is in Us. Assume for
a contradiction that w is not in S. If u is a terminal vertex of P then we
obtain a new path by adding €’ to the end of P. No internal vertex of this
new path is in S, so it implies that ¢’ is in Uy, a contradiction to ¢’ being in
Us. Therefore u is not a terminal vertex of P. Since P contains e, it follows
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that u is an internal vertex of P, so v is a terminal vertex of P. In this case
we can obtain a new path from P by replacing the edge e with ¢/. Again we
see that €’ is in Uy and we have a contradiction. Therefore u is in S, and by
symmetry, so is v. Hence e joins two vertices of S, and is thus in R; N Rs.
We must also consider the case that e is in U Ncl(Uy). Let D be a cycle
that contains e, where every other edge of D is in U;. Let x be an edge
of D — e that is incident with u. Thus « is in U;. Let P be an S-avoiding
path containing z and a; as a terminal vertex. If w is not in S, then we
can either extend P by adding the edge e, or replacing z in P with e. In
either case, the new path shows that e is in Uy, a contradiction. Therefore
u, and by symmetry v, is in 5, so we again see that e is in Ry N Ry. Hence
N Fy C Ry N Ry and the claim is proved. O

Recall that a; is in the clique C. Every edge incident with a; is in Uj.
As every edge of C1 — ay is spanned by two such edges, it follows that R is
contained in F;. We must also show that R is spanned by Us. Let e be an
edge in Rs and assume that it is not in F5. In particular, this means that e
is not in Us, so it is in U;. Let P be an S-avoiding path containing e that
has a; as a terminal vertex. Let uw be the first internal vertex of P that is
incident with e. Then « is not in S, as P is S-avoiding. But u is in Cs, since
e is in Ry. Thus w is in Cy — C7, and the subpath of P from a; to u is an
S-avoiding path from a vertex of Cy — C5 to a vertex of Co — (. This is a
contradiction, as C7 and Cy form a separating pair. This shows that Ry is
contained in Fy, as claimed.

Now we can complete the proof that R; and Ry are adjacent in R(M) by
showing that (Fy, Fy) is a modular cover. Assume that F; is not a modular
flat, so that by utilising Proposition 2.3 we can let F' be an arbitrary flat
of M that is disjoint from F; such that some circuit C C F U F} contains
elements of both F' and Fj. If each connected component of G[F] shares at
most one vertex with G[F}], then no such cycle can exist. Therefore we let
u and v be distinct vertices from the same connected component of G[F| so
that both of v and v are incident with edges in Fi. Since u is incident with
an edge in F7i, it is incident with an edge in U;. Let e be such an edge, and
let P be a shortest-possible S-avoiding path that contains e and has a1 as a
terminal vertex. Let f be an edge of F' that is incident with u. If u is not
in S, then extending P by adding f shows that f is in Uj, a contradiction.
Therefore u, and by symmetry v, is in S. This means that there is an edge ¢
of Ry that joins u and v. Thus ¢ is in Ry C F;. But there is a path of G[F]
that joins u to v, so g is in cl(F) = F, and we have contradicted FFNF; = .
Therefore F; is a modular flat. Almost exactly the same argument shows
that Fy is a modular flat. O

The previous result shows that when G is a 2-connected chordal graph,
Cr(G) is isomorphic to the rotunda graph of a supersolvable saturated ma-
troid. In fact, this is true even when G is not 2-connected, as we now show.
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First we make a simple observation. Recall from Proposition 3.5 that a
matroid is supersolvable and saturated if and only if all its components are.

Proposition 4.5. Let G be a chordal graph with connected components
Hy,...,Hy. Then Cr(QG) is the disjoint union of Cr(Hy),...,Cr(Hg). Sim-
ilarly, if M is a supersolvable saturated matroid with connected components
Ny, ..., Ng, then R(M) is the disjoint union of R(N1), ..., R(Ng).

Proof. Maximal cliques in different components of G cannot be adjacent in
Cr(G) because they have no vertices in common. Similarly, rotunda from
different components of M are not adjacent in R(M) because they have
empty intersection. The result follows. (I

Lemma 4.6. Let G be a chordal graph. There is a supersolvable saturated
matroid M such that Cr(G) is isomorphic to R(M).

Proof. Let Hy, ..., Hy, be the connected components of G. If each Cr(H;) is
isomorphic to R(1V;) for some supersolvable saturated NV;, then Proposition
4.5 implies that Cr(G) is isomorphic to R(N; & --- & Nj). In other words,
it suffices to prove the lemma when G is connected. In this case, we will
prove that Cr(G) is isomorphic to Cr(G’), where G’ is a 2-connected chordal
graph. Then Proposition 4.4 shows that Cr(G’) = R(M(G’)), and M(G’)
is supersolvable and saturated by Corollary 3.8 and Proposition 3.9, so the
result will follow.

If G is 2-connected, then there is nothing left to prove, so let v1,vs, ..., vy
be the cut-vertices of G. We produce G’ by introducing new vertices
v, v, ..., v), and for each ¢ making v, adjacent to v; and all of the neigh-

rYm
bours of v; in G.

4.6.1. G’ is 2-connected.

Proof. Certainly G’ is connected. Assume that v is a cut-vertex of G’. Note
that for each 4, the graph produced from G’ by deleting v/ is obtained from
G by adding m —1 new vertices and making each of them adjacent to at least
one vertex in G. Since G is connected it follows that G’ — v} is connected.
Thus no vertex v} is a cut-vertex of G’ so v is not equal to v} for any i. Now
v is a vertex of G. If v ¢ {v1,v2,...,vn} then G —v is connected and G’ —v
is obtained from the connected graph G' — v by adding m new vertices and
making each of them adjacent to at least one vertex in G —v. Thus G’ — v is
connected, which is a contradiction. Therefore v = v; for some i. But in G’
the vertices v; and v} are adjacent to exactly the same vertices. Therefore
G' — v; is obtained from G’ — v} by relabelling v} as v;. This means that
G’ — v; is connected, and we have a contradiction. [l

4.6.2. G' is chordal.

Proof. We rely on Proposition 2.1. Let uy, us, . .., u, be a perfect elimination
order of G. We produce an ordering of the vertices of G’ by inserting each
v} into the order uy,ug, ..., u, immediately after v;. It is easy to verify that
this produces a perfect elimination order for G’ and the result follows. [



SUPERSOLVABLE AND SATURATED MATROIDS 21

We can complete the proof by showing that Cr(G) is isomorphic to
Cr(G"). Tt is clear that any maximal clique of G’ contains one of the ver-
tices {v;,v}} if and only if it contains both. Now we can easily verify that
there is a bijective correspondence between the maximal cliques of G and
the maximal cliques of G’. If C is a maximal clique of G, then we obtain
the corresponding maximal clique of G’ by adding each vertex v} such that
v; is in C.

Let C7 and Cy be distinct maximal cliques of G, and let C] and CY be
the corresponding maximal cliques of G'. We will prove that C; and Cy are
adjacent in Cr(G) if and only if C] and C are adjacent in Cr(G’). First
note that C1 N Cy is non-empty if and only if C] N CY is non-empty.

If C1 and Cy are not adjacent in Cr(G), then either C1 N Cy = 0, or P
is a (C1 N Cy)-avoiding path of G from a vertex of C; — Cy to a vertex in
Co — C1. In the first case C1 N Cy = 0. In the second case, it is obvious
that P is a (C] N C%)-avoiding path of G'. In either case C and C} are not
adjacent in Cr(G").

Next assume that C and C% are not adjacent in Cr(G’). f C1NCH =0
then C1NCy = () so we have nothing left to prove. Therefore we will assume
that P is a (C]NCY)-avoiding path in G, and that P joins a vertex in C] —C
to a vertex in C) — C. If a vertex v, appears anywhere in P, then we may
replace it with v;, since these two vertices have the same neighbourhoods.
Note that the resulting path is still (C]NC%)-avoiding, and still joins a vertex
of C] — C) to a vertex of C) — C}]. Thus we can assume that P is a path
of G, and is consequently a (C; N Cq)-avoiding path of G from a vertex of
C1 — (5 to a vertex of Cy — (1. This shows that C'; and C are not adjacent
in Cr(G) so the proof is complete. O

We have established that every reduced clique graph is isomorphic to a
rotunda graph. Next we start moving towards proving the converse.

Definition 4.7. Let M be a connected supersolvable and saturated matroid,
and let G be a 2-connected chordal graph. Assume that 6 is a function from
E(M) to the powerset of V(G). If U is a subset of vertices in G, then
let 0=Y(U) be {x € E(M): 6(x) C U}. For any subset R C E(M), let
f(R) stand for Uzerf(x). Thus we can think of 6 as being a function from
P(E(M)) to P(V(G)) such that R C R’ if and only if §(R) C (R'). Assume
that the following properties hold:
(i) |0(x)| = 2 for every x € E(M), and
(ii) for any vertex v € V(G) there exists exactly one element x € E(M)
such that v is in 6(x).
(iii) if R is a non-empty round flat of M, then 0(R) is a clique,
(iv) if F'is a modular flat of M and U is a union of connected components
of G — §(F), then FUO~L(U) is a modular flat of M, and
(v) the restriction of # to R(M) is a bijection from R (M) to the maximal
cliques of Cr(G) and this bijection is an isomorphism between R(M )
and C R(G)
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If all these conditions hold, then we will say that (G, 0) is compliant with
M.

Lemma 4.8. Let M be a connected supersolvable and saturated matroid.
There exists a 2-connected chordal graph G and a function 6: E(M) —
P(V(Q)) such that (G,0) is compliant with M.

Proof. The proof is a straightforward induction, although the technical de-
tails are require some work. If M has rank at most one, then we can simply
make G a clique of the appropriate size. Now we are going to choose C*
to be the complement of a modular hyperplane, H. Then inductively M|H
has a compliant graph. The intersection of H with cl(C*) is a round flat,
and therefore corresponds to a clique. We create a new maximal clique by
adding new vertices and making them adjacent to each other and to the
clique corresponding to H N cl(C*). The rest of the proof involves nothing
more than checking that this construction does indeed satisfy the conditions
for compliance.

To implement this strategy, we let M be a supersolvable saturated ma-
troid. Assume r(M) < 1. We can easily see that the only rotunda of M
is E(M) itself. We let G be isomorphic to Ky g, and we consider an
arbitrary partition of V(G) into blocks of size two. We then set 6 to be
an arbitrary bijection from E(M) to the blocks of the partition. It is not
hard to verify that (G, ) is compliant with M. Therefore we assume that
r(M) > 1.

Let H be a modular hyperplane of M such that M|H is supersolvable.
Then M|H is also saturated. Proposition 2.7 says that M|H is connected.
Therefore we can apply the obvious inductive hypothesis and let G’ be a
2-connected chordal graph with a function 6’: H — P(V(G’)) such that
(G',0') is compliant with M|H.

Let C* be the complementary cocircuit of H, and let R be the closure
of C*. Proposition 2.14 says that R is a rotunda, and furthermore it is the
only rotunda of M that is not contained in H. Certainly C* is non-empty,
and r(H) = r(M) —1 > 0, so H is non-empty also. But (H,C*) is not a
separation of M, since M is connected. As H is modular, we deduce that

r(ROH) = r(cl(C*) N H) = r(C*) + r(H) — (M) > 0.

Therefore R N H is non-empty and Proposition 2.15 tells us that RN H is
round.

Let W be #/(RN H). Since (G',0') is compliant with M|H, we see that
W is the set of vertices of a clique in G’. Note also that [W| =2|RNH| > 2.
We produce G from G’ by adding Y, a set of 2|C*| new vertices, and making
each of them adjacent to all the vertices of W. Note that WUY is a maximal
clique of G and G’ = G — Y. Because W has at least two vertices it is easy
to see that G is 2-connected. The neighbours of any vertex in Y form a
clique in G. Therefore we can construct a perfect elimination order for G by
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prepending the vertices of Y to a perfect elimination order for G’. It follows
that G is chordal.

Consider an arbitrary partition of Y into pairs of vertices, and let ¢ be an
arbitrary bijection from C* to the blocks of this partition. Then we define
6 to be the union of 6’ and ¢. Note that |6(z)| = 2 for any x € E(M), and
for any vertex v of G, there is exactly one element z € E(M) such that v
is in O(x). Therefore the remainder of the proof consists in showing that 6
satisfies conditions (iii), (iv), and (v) in Definition 4.7.

Proposition 2.13 tells us that if Z is a round flat of M then either Z C H
or Z C R. In the former case, Z is a round flat of M|H, and 6(Z) = 0'(2)
is a clique of G, since ¢ satisfies (iii). In the latter case §(Z) is a subset of
W UY, and again 6(Z) is a clique of G. So condition (iii) holds for (G, 9).

4.8.1. Condition (iv) in Definition 4.7 holds for (G,0).

Proof. Let F be a modular flat of M, and let U be a union of connected
components of G — §(F). Let D be FU#~1(U). Thus our aim is to show
that D is a flat of M. Assume that U is the empty union. In this case
D = FU§}(U) = F and since F is a modular flat there is nothing left
to prove. Therefore we assume that U contains at least one connected
component of G — (F).

Assume that D is disjoint with C*. This means that 0(F) U U is disjoint
with Y. Thus F is a modular flat of M|H. If U is not a union of connected
components in G’ —¢’'(F') then there is a connected component of this graph
that contains vertices u € U and v ¢ U. There is a path of G' — §'(F) =
G- (0(F)UY) from u to v. Hence u and v are in the same component of
G — O(F"). This contradicts the fact that U is a union of components in this
graph. Hence U is a union of components of G' — ¢'(F'), so we can apply
the inductive assumption and see that D = FU (¢)~}(U) = FUO~Y(U) is a
modular flat of M|H. Therefore D is a modular flat of M and we are done.
Hence we assume that D contains at least one element of C*.

Now 6(F) U U contains at least two vertices from Y. Since any such
vertex is adjacent to every vertex in W UY, and U is a non-empty union of
connected components, it now follows that #(F) UU contains W UY. Note
that D contains 0~} (W UY) = R = cl(C*).

Assume that U — Y is not a union of connected components in G’ —
O(F N H). Then there is a connected component of G' — 6(F N H) that
contains vertices u € U —Y and v ¢ U — Y. There is a path from u to v in
G —9(FNH)=G— ((F)UY). Thus u and v are in the same connected
component of G — 6(F'). This means that v and v are both in U, since U
is a union of connected components in this graph. Since v is not in U — Y
this means that v is in Y. But this is impossible, since v is a vertex of G’,
which is equal to G — Y. This shows that U — Y is a union of connected
components in G' — (F N H).
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We note that F'N H is a modular flat of M|H since both F' and H are
modular in M. The inductive hypothesis now tells us that

(FNH)U N (U -Y)

is a modular flat of M|H. Let this flat be D’. Note that because C* C D
we have

D=FU ' (U)=FnH) U (U -Y)uC* =D UuC.
Let P be the union UPy(z,y), where x and y range over all distinct rank-
one flats contained in C*. Thus P is a subset of RNH C DN H = D'. Note
that
c(D) = (c(D)NH)UC* = (c(D'uC*)N H) U C*.
Now we apply Proposition 2.6. Since P C D’ C H we see that
(c(D'UC*)NH)UC* =cl(D')uC*=D"UC* = D.

Thus D is a flat of M.

Assume that D is not a modular flat of M, and let F’ be a flat of M
that is disjoint with D, chosen so that C C DU F” is a circuit that contains
elements of both D and F’. Choose C so that [CNC*| is as small as possible.
Exactly as in the proof of Proposition 2.11 we can prove that CNC™* contains
distinct elements x and y. We choose p to be an element in Py (z,y), and
we perform strong circuit elimination on C' and {z,y,p}. In this way we
find a circuit contained in D U F’ that contains elements of both sets, and
contains fewer elements of C* than C. This contradiction shows that D is
a modular flat of M so condition (iv) holds. O

4.8.2. The restriction of 6 to R(M) is a bijection between R(M) and the
maximal cliques of G.

Proof. The inductive hypothesis means that 6’ induces a bijection between
the rotunda of M|H and the maximal cliques of G’. First assume that
RN H is a rotunda of M|H, so that W = ¢'(RN H) is a maximal clique of
G’. Now Proposition 4.2 shows that the rotunda of M are the rotunda of
M|H, except that RN H has been replaced by R. It is easy to see that he
maximal cliques of G are the maximal cliques of G’, except that W has been
replaced by W UY. We observe that §(R) = W UY and now it follows that
0 |R( M) 1s a bijection between the rotunda of M and the maximal cliques of

Next we assume that R N H is not a rotunda of M|H. Proposition 4.2
implies that every rotunda of M|H is also a rotunda of M. Furthermore R
is the only rotunda of M that is not a rotunda of M|H. Because RN H is
not a rotunda of M|H, we can let Z be a rotunda of M|H that properly
contains RN H. Now W = ¢'(RN H) is properly contained in ¢'(Z). Since
Z is round, we see that 6(Z) = 0'(Z) is a clique that properly contains
W. Therefore W is not a maximal clique of G’. Now it is easy to see that
every maximal clique of G’ is a maximal clique of G, and that W UY is
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the only maximal clique of G that is not a maximal clique of G’. The claim
follows. 0

We can complete the proof of Lemma 4.8 by proving that the restriction

of 6 to R(M) is an isomorphism from R(M) to Cr(G). Let Z and Z’ be
distinct rotunda of M. We will show that they are adjacent in R(M) if and
only if 6(Z) and 6(Z’) are adjacent in Cr(G).
Case 1. Neither Z nor Z' is equal to R. In this case both Z and Z’ are
rotunda of M|H, and 0(Z) and 0(Z’) are maximal cliques of G’. Assume
that 0(Z) and 6(Z') are adjacent in Cr(G). Then these maximal cliques
have at least one vertex in common, and there is no (6(Z) N6(Z"))-avoiding
path in G from a vertex of §(Z) —0(Z') to a vertex of 0(Z') — 6(Z). Exactly
the same statements apply to ¢'(Z) and ¢'(Z’) in G', so 0'(Z) and 0'(Z’)
are adjacent in Cg(G’). The inductive assumption implies that Z and Z’
are adjacent in R(M|H). Proposition 4.2 now implies that they are also
adjacent in R(M).

For the converse, assume that Z and Z' are adjacent in R(M), and let
(F,F") be a modular cover of M that certifies the adjacency. We assume
that Z C F and Z' C F’. Let us assume that both F N C* and F' N C* are
non-empty. No element of F'N C* is in F’, because any such element would
bein FNF' = ZNZ', and this is not possible since Z and Z’ are subsets of
H = E(M) — C*. Symmetrically, no element of N C* isin F. So FNR
does not contain any element of F/ N C* and F' N R does not contain any
element of F' N C*. This shows that (F N R, F' N R) is a vertical cover of
R, which is impossible as R is a round flat. Therefore either F'N C* = ) or
F'NC* = (). We assume the latter, so C* is a subset of F' and F” is a subset
of H.

Proposition 2.9 says that F’ does not contain Z. It therefore does not
contain H, so we can apply Proposition 2.12 and deduce that

(FNH,FFNH)=(FNH,F)
is a modular cover of M|H. Note that
(FNH)NF =FNF =7ZnZ

so Z and Z' are adjacent in R(M|H). By the inductive hypothesis, 6'(Z) =
0(Z) and 0'(Z") = 0(Z') are adjacent in Cr(G"). Since Z and Z’ are rotunda
of M, neither is equal to RN H, which is properly contained in R. Therefore
neither 6(Z) nor 6(Z’) is equal to W. Because 6(Z) and 0(Z') are adjacent
in Cr(G") they have a non-empty intersection.

Assume that 6(Z) and 6(Z’) are not adjacent in Cr(G). Let P be a
(0(Z)N6(Z'"))-avoiding path of G from a vertex a € 0(Z) —0(Z') to a vertex
be0(Z') —0(Z). Because no such path can exist in G’ = G —Y, it follows
that P contains a vertex in Y. Let y and 9/, respectively, be the first and
last vertices of P that are in Y. Note that y and 3’ are not equal to a or b,
which are vertices of G'. Let w be the neighbour of y in the subpath of P
from y to a. Similarly let w’ be the neighbour of 3 in the subpath from 3’
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to b. Because w and w’ are adjacent to vertices in Y, but are not in Y, they
must be in W. Thus w and w’ are adjacent, so there is a path of G’ from a
to b that avoids any vertex in #(Z) N@O(Z’). This is a contradiction, so we
conclude that 8(Z) and 0(Z') are adjacent in R(M).

We have now completed the case that neither Z nor Z’ is equal to R.
Case 2. One of Z and Z' is equal to R. We let Z be a rotunda of M that
is distinct from R, and we will prove that Z and R are adjacent in R(M) if
and only if 6(Z) and O(R) = W UY are adjacent in Cr(G). Observe that
Z is contained in H by Proposition 2.14.

First assume that 0(Z) and 6(R) are adjacent in Cr(G). Because 6 sends
distinct elements of E(M) to distinct pairs of vertices, it cannot be the case
that ZN R =0, or else #(Z) and §(R) would have no vertices in common,
contradicting their adjacency in Cr(G). Thus Z and R are non-disjoint.

Assume Z contains RN H. If C* is spanning in M, then RN H = H,
so O(H) = W is a clique. In this case G = W UY is a clique, but we have
assumed that M has at least two distinct rotunda, so G has at least two
distinct maximal cliques by 4.8.2. Thus C* is not spanning. Proposition 3.4
says that (H, R) is a modular cover of M. Now RN H = RN Z so (H, R)
certifies that Z and R are adjacent in R(M) and we have nothing left to
prove. Therefore we will assume that Z does not contain R N H. Hence
Z N R is a proper and non-empty subset of R N H. It follows that 0(Z2)
contains some, but not all, of the vertices of W.

By Proposition 2.15 we know that RN H is a round flat of M|H. Let
Zy be a rotunda of M|H that contains RN H. Thus Zj is not equal to Z,
but it may be equal to RN H. Now 0'(Zy) = 6(Zp) is a maximal clique
of G’ that contains W. Assume that #(Z) and 6(Z,) are not adjacent in
Cr(G"). Because these cliques have at least one vertex of W in common,
we can let P be a (6(Z) N 0(Zy))-avoiding path of G’ from a vertex a €
0(Z) — 0(Zy) to a vertex b € 0(Zy) — 0(Z). Note that P contains no vertex
of (Z)N6G(R). But P is also a path of G, and b is adjacent to any vertex of
W —0(Z). Thus, if necessary, we can adjoin an edge to P from b to a vertex
of W — 6(Z), and certify that 6(Z) and 6(R) are not adjacent in Cr(G),
contrary to hypothesis. Therefore (Z) and 6(Zy) are adjacent in Cr(G’),
so by induction Z and Zj are adjacent in R(M|H).

Because Zj contains RN H, the intersection of Z and Z; contains Z N R.
Assume this containment is proper, and let e be an element of Z N Zy that
isnot in ZN R. Let v be a vertex in #(e). Thus v is in §(Z) — #(R). Choose
w, an arbitrary vertex in W — §(Z). Because v is in 6(Zj), which contains
W, it follows that v and w are adjacent. Since w is in O(R) — 6(Z), we now
see that 6(Z) and 0(R) are not adjacent in Cr(G), contrary to hypothesis.
We conclude that Z N Zy = Z N R.

Since Z and Zj are adjacent in R(M|H), we can let (F, F') be a modular
cover of M|H that certifies this adjacency, where Z C F and Z, C F'.
Because Zj contains R N H, it follows that F’ contains UPy(z,y), where
x and y range over distinct rank-one flats contained in C*. Proposition
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2.11 says that (F, F' U C") is a modular cover of M. Certainly Z C F and
Zy C F'UC*. Furthermore,

FN(FFuCH=FNF =ZnZy=ZnNR.

Thus (F, F' U C*) certifies that Z and R are adjacent in R(M), exactly as
desired.

For the converse, we assume that Z and R are adjacent in R(M). Thus
Z N R is non-empty. Assume that Z contains RN H. Then 6(Z) contains
O(RNH)=W,s00(Z)NOR) =W. In G — W there is no path from a
vertex of O(R) —0(Z) =Y to a vertex not in Y, and in particular there is no
path to a vertex in 6(Z) — 6(R). So in this case §(Z) and §(R) are adjacent
in Cr(G) and we have nothing left to prove. Therefore we will assume that
Z does not contain RN H. Hence Z N R is a non-empty proper subset of
RN H. Since RN H is a round flat of M|H by Proposition 2.15, we can let
Zy be a rotunda of M|H that contains R N H. Thus Z; may be equal to
RN H, but it is not equal to Z.

Let (F,F’) be a modular cover of M that certifies the adjacency of R
and Z in R(M), where R C F and Z C F’. Because FNF' = RN Z and
Z is contained in H it follows that F” is contained in H. If F' = H, then
F N F' contains RN H, which properly contains Z N R. This contradicts
FNF =RnNZ,so F' does not contain H. By applying Proposition 2.12,
we see that (FNH,F'NH) = (FNH,F')is a modular cover of M|H.

Because Zj is round, one of F N Zy and F' N Zy is not a proper flat of
M|Zy. That is, Zy is contained in either F or F’. Assume Zj is contained
in F/. Then RNH C Zy C F' and R C F so F N F' contains RN H. This
is a contradiction as F N F' = RN Z, which is a non-empty proper subset
of RN H. Therefore Zj is contained in F. We observe that

(FNH)NF =(FNF)YNH=(RNZ)NH=RNZ=FNF 2>ZyNZ.

Assume that F'N F’ properly contains Zyg N Z and let e be an element of
(FNF')—(ZyNZ). Since FNF' = RN Z it follows that e is in Z. But we
also have

ec FNF'=RNZcCRNHC Z,.

Thus e is in ZyNZ after all and we have a contradiction. Thus (FNH)NF' =
ZyNZ = RN Z and the modular cover (F N H, F’) of M|H certifies that
Zy and Z are adjacent in R(M|H). Induction now tells us that 8(Zp) and
0(Z) are adjacent in Cr(G").

Assume that §(Z) and (R) = W UY are not adjacent in Cg(G). These
cliques certainly have common vertices, so we can let P be a path from
a€0(Z)—0(R)tobec 0(R)—6(Z) such that P contains no vertex of (Z)N
O(R) = 0(Z)NO(Zy). If P is a path of G’ then it certifies that 6(Z) and 6(Zy)
are not adjacent in R(M|H ), contrary to our earlier conclusion. Therefore
P contains at least one vertex in Y. Consider the maximal subpath of P
from a to vertex not in Y, and let this vertex be w. Note that w is in
W —6(Z) C 6(Zy) —6(Z). So this subpath certifies that 8(Z) and 6(Zy) are



28 MAYHEW AND PROBERT

not adjacent in R(M|H ), and we have another contradiction that completes
the proof. O

Proof of Theorem 1.1. Lemma 4.6 shows that every reduced clique graph
is isomorphic to a rotunda graph. On the other hand, if M is a supersolv-
able saturated matroid with connected components My, ..., M,, then R(M)
is the disjoint union of R(M;),...,R(M,), as we observed in Proposition
4.5. Lemma 4.8 shows that each R(M;) is isomorphic to Cr(G;) for some
2-connected chordal graph G;. If G is the disjoint union of G, ..., Gy, then
Cr(G) is the disjoint union of Cr(G1),...,Cr(G,), and is thus isomorphic
to R(M). So any rotunda graph is isomorphic to a reduced clique graph. [

Lemma 4.9. Let M be a supersolvable saturated matroid. Then R(M) is
connected if and only if M is connected.

Proof. In Proposition 4.5 we noted that if Ny,..., N; are the connected
components of M, then R(M) is the disjoint union of R(Ny),..., R(Ng). So
if M is not connected then neither is R(M). For the converse, we let M be
a connected supersolvable saturated matroid. Lemma 4.8 shows that R(M)
is isomorphic to Cr(G) where G is a 2-connected chordal graph G. From
Corollary 3.1 in [9] we see that Cr(G), and hence R(M), is connected. O

5. CLIQUE TREES AND ROTUNDA TREES

Definition 5.1. Let M be a matroid and let T" be a tree. Let 7 be a function
from V(T) to P(E(M)). Assume that for every element x € E(M) there is
at least one vertex v € V(T') such that € 7(v). In this case we say that
(T, ) is a tree-decomposition of M. If for every element z € E(M) there is
exactly one vertex v € V(T') such that = € 7(v) then the tree-decomposition
is strict.

In other words, the tree-decomposition is strict if {7(¢)};ey (7 is a parti-
tion of E(M).

Let G be a graph. A clique tree of G is a pair (T, p) where T is a tree
and p is a bijection from V(T') to the set of maximal cliques of G. We insist
that for any v € V(G), the set {t € V(T'): v € p(t)} induces a subtree of T
Clique trees were introduced by Gavril [5], who showed that a graph has a
clique tree if and only if it is chordal. Our next step is to define a matroid
analogue of a clique tree.

Definition 5.2. Let M be a matroid, and let (T, 7) be a tree-decomposition
of M such that 7 is a bijection from V(T') to R(M). If, for every x € E(M),
the set {t € V(T'): x € 7(t)} induces a subtree of T, then (T, 7) is a rotunda
tree of M.

In the following material we must apply weights to the edges of reduced
clique graphs and rotunda graphs. Let G be a chordal graph. Let o be a
function which takes the set

{0} u{CNC": C and C" are distinct maximal cliques of G}
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to non-negative integers, and where the following conditions hold:
(i) o(0) =0,
(ii) if X and X’ are in the domain of o and X is a proper subset of X,
then o(X) < o(X').
In this case o is a legitimate weighting of G. The function o applies a weight
to each edge of Cr(G), where the weight of the edge between C' and C” is
o(C'N ). The following result is the main theorem of [9].

Theorem 5.3. Let G be a connected chordal graph and let o be a legitimate
weighting. Every clique tree is a spanning tree of Cr(G) and every edge of
Cr(G) is contained in a clique tree. Moreover, a spanning tree of Cr(Q)
is a clique tree if and only if it has mazimum weight amongst all spanning
trees.

Galinier, Habib, and Paul [1] prove the special case of Theorem 5.3 where
a(CNC") =|CnNC', but their proof contains a flaw which is explained in
[9]. Next we consider the matroid analogue of legitimate weightings.

Definition 5.4. Let M be a supersolvable saturated matroid. Let o be a
function taking

{0y U{RNR: R, R € R(IM),R +# R’}
to non-negative integers, where:
(i) o(0) =0,
(ii) if X and X’ are in the domain of o and X is a proper subset of X,
then o(X) < o(X').
Then o is a legitimate weighting of M.

For examples of legitimate weightings, we may set (RN R’) to be either
the rank or the size of RN R/, for each pair of rotunda R and R’. In the
case where we use rank, the legitimacy of the weighting relies on the fact
that the intersection of two rotunda is a flat.

Now we are able to prove Theorem 1.2, which we restate in a more general
form here.

Theorem 5.5. Let M be a connected supersolvable and saturated matroid
and let o be a legitimate weighting of M. FEvery rotunda tree of M is a
spanning tree of R(M) and every edge of R(M) is contained in a rotunda
tree. Moreover, a spanning tree of R(M) is a rotunda tree if and only if it
has mazximum weight amongst all spanning trees.

Proof. We apply Lemma 4.8 and let G be a 2-connected chordal graph and
let §: E(M) — P(V(Q)) be a function such that (G,#) is compliant with
M. Let H be a graph that is isomorphic to both Cr(G) and R(M). Let
mg be a bijection from V(H) to the family of maximal cliques of G, and
let mps be a bijection from V(H) to R(M), such that mg and mps are both
isomorphisms.
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Let (T, 7) be a rotunda tree of M. Define p to be the composition 6|z a0
7. This means that p is a bijection from V(T") to the set of maximal cliques
of G. Let v be an arbitrary vertex of G, and let « be the unique element of
E(M) such that v is in 8(z). Now

(1) {teV(T):vept))={teV(T):zer(M)}.

Because the latter set induces a connected subgraph of 7', so does the former.
This shows that (T, p) is a clique tree of G. Therefore T is (isomorphic to) a
spanning tree of H by Theorem 5.3. We have now shown that any rotunda
tree of M is a spanning tree of R(M). Moreover, if e is an arbitrary edge
of H, then there is some spanning tree T' of H such that T' contains e and
(T, p) is a clique tree of G for some bijection p. Let 7 be the composition
(Olr(an) "t © p, so that 7 is a bijection from V(T) to R(M). If z is an
arbitrary element of E(M) and v is a vertex in 6(z), then Equation (1) still
holds and we see that (7', 7) is a rotunda tree of M that contains the edge
e. Thus any edge of R(M) is contained in a rotunda tree of M.

We apply weights to the edges of H. If v and v are adjacent in H, then
we weight the edge between them with o (s (u) Nmar(u’)). It is not difficult
to see that this weighting of H is also a legitimate weighting of Cr(G); that
is, if C' and C’ are maximal cliques of G that are adjacent in Cr(G), and
o applies the weight o(071(C) N H~1(C")) to the edge between C and C’,
then og is a legitimate weighting of G.

Let T be a maximum-weight spanning tree of H. Then (T, 7¢) is a clique
tree of G, by Theorem 5.3. Exactly as before, we see that (T, (0|r(ar)) ™ omg)
is a rotunda tree of M. On the other hand, if T" is a spanning tree of H
and (7', 7) is a rotunda tree of M, then (T, 0|z ) o 7) is a clique tree of G.
Hence T is a maximum-weight spanning tree of H. We have now proved
that the rotunda trees of M are exactly the maximum-weight spanning trees
of R(M), as claimed. O

It follows from Theorem 1.2 that R(M) is the exactly the union of all
rotunda trees of M.

6. TREE-DECOMPOSITIONS

We recall the definition of graph tree-width. Let G be a graph. Let T be
a tree and let p be a function from V(T') to P(V(G)) such that for every
v € V(G) the set {t € V(T): v € p(t)} is non-empty and induces a subtree
of T. We further insist that if v and v are adjacent vertices of GG, then
u,v € p(t) for some t € V(T). Then (T,p) is a tree-decomposition of G,
and the sets p(t) are the bags of the decomposition. The width of (T, p) is
the maximum size of a bag, and the tree-width of G is the minimum width
taken over all tree-decompositions.

Any clique tree of a chordal graph is a tree-decomposition of optimal
width, where the bags of the tree-decomposition are exactly the maximal
cliques [7, p. 14]. We now move towards a matroid analogue of this result.
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We first introduce the notion of matroid tree-width, as developed by Hlinény
and Whittle [8]. Recall that a tree-decomposition of a matroid M is a
tree T' along with a function 7: V(T') — P(E(M)) such that every element
x € E(M) is in at least one set 7(t).

Definition 6.1. Let M be a matroid and let (7', 7) be a tree-decomposition
of M. Let t be a node of T and let T7,...,T, be the connected components
of T'—t. For each i let F; be Uscy(7;)7(s). We define the node-width of t to
be

d d
dorlrtyulJFe| | - (@—Dr().
i=1 k=1
ki
The width of (T, 7) is the maximum node-width of any node in 7. The tree-
width of M (denoted tw(M)) is the smallest width of any tree-decomposition
of M.

Note that this definition is not exactly that used by Hlinény and
Whittle because in their definition the minimum ranges over strict tree-
decompositions, rather than all tree-decompositions. To see that this makes
no difference to the definition, assume that the element z € E(M) is con-
tained in both 7(u) and 7(v), where u and v are distinct vertices of the
tree T. We redefine 7 by removing x from 7(u). It is easy to confirm that
the width of no node is increased by this change. By repeating this process
we can produce a strict tree-decomposition with width no greater than the
width of our original decomposition. This argument shows that there ex-
ists a strict tree-decomposition whose width is as small as possible amongst
all tree-decompositions. Thus extending Hlinény and Whittle’s definition to
include non-strict tree-decompositions makes no difference to the parameter.

We can always let T be a tree with a single node, and let 7 take every
element of F(M) to this node. It follows from the definition that the width
of (T,7) is r(M). This shows that the tree-width of any matroid M is
bounded above by r(M).

Proposition 6.2. Let M be a round matroid. Then tw(M) = r(M).

Proof. Let E be the ground set of M. Let (T,7) be any strict tree-
decomposition of M. We direct each edge of T in the following way. Let e
be an arbitrary edge of T' and assume that e joins uy to ue. For each i let T;
be the connected component of T'\e that contains u;. Let U; = Usey ()7 (5)-
Thus (U1, Us) is a partition of E (since the tree-decomposition is strict), and
because M is round, either U; or U, is spanning. If U; is spanning then we
direct e from ug_; to u;. Note that it is possible for an edge to have two
directions applied to it.

Let P be a maximum length directed path in 7', and assume that ¢ is the
final node in P. Let T1,...,Ty be the connected components of T"— ¢ and
let F; = Usev(r,)7(s). Because the edges incident with ¢ are all directed
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towards t, it follows that F — F; is spanning for each 7. Since F1,..., Fy are
pairwise disjoint, the width of ¢ is
d d
(M) = (r(M) = r(E = F;)) = r(M) = Y (r(M) = r(M)) = r(M).
i=1 i=1
Hence the node-width of ¢ is equal to r(M). Thus tw(M) > r(M). We have
already observed that tw(M) < (M) so the proof is complete. O

Hlinény and Whittle show that if N is a minor of the matroid M, then
tw(N) < tw(M) [3, Proposition 3.1]. The next result follows from this
observation and Proposition 6.2.

Corollary 6.3. Let M be a matroid and let R be a round flat of M. Then
tw(M) > r(R).

Proposition 6.4. Let (T,7) be a rotunda tree of M, a supersolvable sat-
urated matroid. Let e be an edge of T that joins vertices w1 and us.
For i = 1,2, let T; be the connected component of T\e that contains w;
and let F; be Uy (r)7(t). Then (F1, Fy) is a modular cover of M and
Nk = T(ul) N T(UQ).

Proof. Note that every element of F(M) is contained in a round flat, and
hence in a rotunda. From this it follows that E(M) = Fy U F5.

We apply Lemma 4.8 and we let G be a 2-connected chordal graph with
a function §: E(M) — P(V(G)) such that (G, ) is compliant with M. Let
p be the composition QIR(M) o7 so that p is a bijection between V(T') and
the maximal cliques of G. Exactly as in the proof of Theorem 1.2 we can
show that (T, p) is a clique tree of G.

Define R; to be the rotunda 7(u;). Let F' be the flat Ry N Ry. Note that
because R and Rp are adjacent in a rotunda tree of M, they are adjacent
in R(M) by Theorem 1.2. This implies that F' is non-empty. Let C; = 0(R;)
for ¢ = 1,2, so that 'y and Cs are the corresponding maximal cliques of G.
Define S to be §(F) = C; N Ch.

Note that if D is a maximal clique of GG, then D — S is contained in a
connected component of G — S. For ¢ = 1,2, let v; be an arbitrary vertex
of T;. Then the path of T" from v to v9 contains uq and uo. It follows from
[9, Proposition 2.8] that p(v1) — S and p(v2) — S are contained in different
connected components of G—.S. Now we let U be the union of all connected
components of G — S that contains p(v) — S for some v in V(71). From
the observations in this paragraph we see that F' U6~ (U) is equal to F.
Because (G, 0) is compliant with M this means that F} is a modular flat of
M. Symmetrically, F5 is a modular flat.

Let x be an arbitrary element in Fy N Fy. Let v € V(T) and v' € V(T3)
be chosen so that z is in 7(v) N 7(v’). Because (T, 7) is a rotunda tree it
follows that x is in 7(w) whenever w is in the path of T from v to v'. In
particular, z is in 7(u) N 7(v') = RN R’ = F. Thus F; N F» C F. Because
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u; is in T; for each 4 it follows that R; C F;. Therefore F = R1 N Ry is a
subset of F; N Fy, and now

T(ul)ﬂT(UQ):RlﬁRQ:F:FlﬂFQ.

From this it follows that F; N F5 does not contain Ry or Ro, so neither F}
nor Fy is equal to F(M). Since F; and F, are proper modular flats of M
and E(M) = Fy U Fy we see that (F1, F3) is a modular cover and the result
is proved. O

Let M be a connected supersolvable and saturated matroid. We will
now show that a rotunda tree of M has the properties of an optimal tree-
decomposition as per Hlinény and Whittle.

Theorem 6.5. Let M be a supersolvable saturated matroid and let (T, 1) be
a rotunda tree of M. Then the width of (T, 1) is equal to tw(M).

Proof. We will show that the node-width of any t € V(T) is r(7(t)), so
that the width of (7, 7) is the maximum rank of a rotunda of M. From
Corollary 6.3 we see that tw(M) is bounded below by this rank, so having
completed this task, we will have shown that (T, 7) is a tree-decomposition
of lowest-possible rank. It will then follow that tw(M) is equal to the width
of (T, ).

So let t be an arbitrary vertex in 1" and let 11, ...,7T; be the connected
components of T'—t. For each ¢ let t; be the vertex of T; that is adjacent to
t. Define F' to be 7(t), and let F; be Usey(7,)7(s) for each i. We define F;
to be

d
FuU U Fy.
k=1
ki
Therefore the node-width of ¢ is
(2) r(F1)+ - +7r(Fg) — (d—1)r(M).
In addition, we define F; to be
d
Fu |J F.
k=i+1

Notice that F~1 = F; and that Fvg = F.
6.5.1. Foranyi € {1,...,d—1}, the intersection of F~; and F;y1 is F~;y1.
Proof. We note that
FoinNFip1=(FUF U UF)N(FURU---UFUFoU-- Fy)
=(Fipn N(F1 U UE))UFUF4U---UF).

Now Fipy N (FpU---U EZ) is contained in Fj.; N F;;1. But Proposition
6.4 tells us that Fjy1 N Fyy1 is equal to 7(t;+1) N 7(t), which is therefore
contained in 7(t) = F. Hence we can remove Fj11 N(F1U---UF;) from the
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equation above and conclude that F; ﬂfiﬂ is FUFioU---UFy = F>i+1,
as claimed. O

Proposition 6.4 implies that (F;, F;) is a modular cover for each i, so that
in particular F'9 is a modular flat. Now Equation (2) reduces to

T(Fl ﬂfg) + ’I"(Fl UFQ) + ’I“(F;g) + -+ T(Fd) — (d — I)T(M)
= T(F>1 ﬂfg) + ’I”(E(M)) + T(Fg) +---+ ’I“(Fd) — (d — 1)7“(M)
= T(F>2) + T'(Fg) +---+ ’I“(Fd) — (d — 2)7“(M)

where we have applied 6.5.1 in the final step. Because F3 is a modular flat,
we can again apply 6.5.1 and reduce to

r(Fs3) +r(Fa) + - +1(Fa) — (d = 3)r(M)
By continuing this process, we find that Equation (2) is equal to
r(Fsq) — (d—d)r(M) = r(F).

So the node-width of ¢ is r(7(¢)) = r(F'), exactly as we claimed, and the
theorem is proved. O

Now we present the central theorem for this section. Because a rotunda
tree is a tree-decomposition of optimal width for a supersolvable saturated
matroid M, we can treat it as a canonical tree decomposition of M.

Corollary 6.6. Let M be a supersolvable saturated matroid. Then tw(M) =
max{r(R): R € R(M)}.

Further observe the following. Let bw(M) denote the branch-width of M.
By [%, Theorem 4.2] we see that

bw(M) —1 < tw(M) < max{2bw(M) —2,1}.

We see therefore that given a supersolvable saturated matroid M of branch-
width k& there must be a rotunda tree of M where the rank of the largest
maximal rotunda is bounded by a function of k. As a result, we can conclude
that supersolvable saturated matroids have canonical tree decompositions of
optimal tree-width in much the same way as chordal graphs have canonical
tree decompositions where each bag is a clique of the graph.

This theorem has algorithmic implications for how we can efficiently find
the tree-width of a supersolvable saturated matroid. However, for this to
work we would need an efficient method for constructing the rotunda graph.
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